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SUMMARY 
This thesis introduces a versatile finite element package, which 
is tailored for the static and dynamic analysis of radial tyres. A 
new axisymmetric solid-of-revolution element which takes into 
consideration, large deformation, the influence of composite 
orthotropic material and the viscoelasticity and the nonlinearity of 
the material properties, has been developed for a general loaded tyre. 
The finite element package has been verified by comparing its results 
with available analytical, numerical and experimental results. A full 
static and dynamic investigation has been carried out for a commercial 
tyre 175 HR 14 and results obtained by using the package have been 
compared with available experimental results developed by DUNLOP or 
carried out at Cranfieid. 
The package has proved to be reliable, flexible, efficient, 
economic and accurate. The numerical instability problems which are 
prevalent in this type of analysis have been overcome by the 
derivation of a developed Newton-Raphson iterative scheme. 
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CHAPTER 1 
INTRODUCTION 
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CHAPTER 1 
Without the pneumatic tyre, development of motor vehicle 
transport would not have been possible. It plays the major role in 
generating vehicle stability and limiting front wheel vibration. The 
main functions of the tyre can be summarised as follows: 
# It transmits the driving and braking forces between the 
vehicle and the ground. 
# It is used for vehicle guidance through the steering 
mechanism 
# It absorbs and damps the displacements resulting from local 
road surface irregularities for a wide range of road 
materials 
'Therefore; the basic tyre requirements for the fulfilment of 
these functions are: 
# No appreciable change of its size with inflation. 
# Ability to deform from a double-curved surface to a plane 
surface. 
# Enough rigidity to develop forces in any direction. 
Tyre design has progressed remarkably to today's reliable, high 
mileage, steel belted tubeless, radial tyre. An extensive effort is 
required to investigate its effects on vehicle ride and handling 
characteristics, as well as, tyre deflections and stresses. 
The finite element technique has been chosen, as will be 
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explained in Chapter 2, for the static and dynamic analysis of radial 
tyres because of its well known versatility in handling arbitrary 
boundary conditions and structural vibration. 
Commercially available finite element programs, have large 
libraries of generally-applicable elements. These packages are found 
to be lacking in one or other of the capabilities that are necessary 
to the analysis. 
The main objective of this work is to design a powerful, 
versatile, finite element package tailored for the efficient static 
and dynamic analysis of radial tyres. The package will be capable of 
dealing with large deformation of tyre, rubber incompressibility and 
viscoelasticity, and composite and orthotropic laminate tyre 
structures. A commercially available radial tyre will be investigated 
using the package and the results will be compared with available 
analytical and/or experimental values. 
The major scope of the thesis is to introduce mathematical models 
required for the finite element analysis of tyres and to discuss the 
results obtained. The thesis is divided into 9 chapters, the first of 
which is this introduction. 
A comprehensive literature review is summarised in Chapter 2, 
where classical and modern approaches for tyre analysis have been 
examined in order to justify the current work. 
In Chapter 3, the derivation of finite elements employed for the 
linear static analysis of tyres are explained, taking the following 
into consideration: 
a- Me composite nature of the reinforced layers of the tyre and 
the orthotropic material properties of each element. 
b- The incompressibility of the rubber. 
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c- The type of loading, in which the tyre is inflated with or 
without an external radial load 
In Chapter 4, the derivation of appropriate finite elements is 
extended to include the nonlinearity due to the elastic properties of 
the material and the large deflection, using interpolative and 
iterative techniques. This derivation has been carried out for both 
the inflated and externally loaded tyre. 
Another source of nonlinearity, the viscoelastic properties of 
the rubber, has been dealt with in Chapter 5. The derivation of the 
mathematical model is given as well as an interpolative technique for 
its solution. 
It is well known that the dynamic characteristics of a structure 
are completly defined in terms of its natural frequency and mode 
shapes, as will be sown in Chapter 2. Hence, the dynamic analysis of 
a tyre will be directed towards the determination of the natural 
frequencies and the corresponding natural mode shapes. The derivation 
of the mathematical model, as well as the solvers used for its 
solution, will be given in Chapter 6. 
The computer program developed in this work for the static and 
dynamic analysis, as well as the procedures for automating input and 
output for the program will be explained in Chapter 7. 
In Chapter 8, the verification of the program as well as the 
static and dynamic analysis of a 175 HR 14 radial tyre, will be 
illustrated. 
The results of the package will be compared with experimental 
results either given by DUNLOP or carried out here at Cranfield, and 
some discussion will be given. 
Finally, the basic conclusions and recommendations for future 
work will be listed in Chapter 9. 
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Due to the large number of formulations involved in this work, 
only the principal ideas and final equations are given in the main 
thesis, whilst the details will be described in an Appendix. A precise 
description of the necessary guide for the user of the programming 
package will be submitted in a separate report to the department. 
CHAPTER 2 
LITERATURE REVIEW 
5 
CHAPTER 2 
LITERATURE REVIEW 
The pneumatic tyre can be considered as a suspension element, 
and its physical models are developed for application in vehicle 
behaviour analysis. There are two basic types of tyre parameter 
which can influence its characteristics: (a) design and construction 
parameters, and (b) preformance parameters 
The design and construction parameters of 
described without a detailed analysis of all 
chemical properties. The performance parameti 
characteristics are; the frequency response, 
radial loads, the inflation pressure, road 
weight and out-of-roundness. 
tyres cannot be fully 
their physical and 
ers which affect tyre 
the speed of travel, 
roughness, unbalance 
The tyre may be modelled macroscopically in terms of discrete 
mechanical components such as springs and dashpots[1,2]. An 
alternative approach to describe the tyre microscopically, in which 
the tyre is modelled in terms of its actual constituent components 
and the geometry of its structure, is also possible 
The tyre modelling based upon the macroscopic analysis is 
reviewed very briefly here, followed by the microscopic modelling of 
the tyre, and finally; the development of the finite element 
technique suitable for the analysis of the tyre will be summarised. 
2.1 MACROSCOPIC ANALYSIS OF TYRES: 
For this type of analysis, the tyre may . 
be represented by 
springs and dashpots, as mentioned earlier. There is a large number 
of publications dealing with the tyre macroscopically. 
A comprehensive test programme [5] is intended to bring to light 
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the prevailing relations between tyre design and performance 
parameters. Some authors [3,7,8] treated the tyre as a stretched 
circular string. A simple model which represents the radial dynamic 
properties of pneumatic tyre is developed by Hooker [9]. His tyre 
model consists of a series and parallel spring-damper arrangement 
which fits the observed behaviour. Four different basic tyre models, 
suitable for dynamic vehicle simulation, are formulated by Captain et 
al [4]. 
The effect of tyre design and performance parameters on the tyre 
characteristics were organised in a computer program that would 
extract, correlate and display any data of interest by Schuring et al 
[5]. 
The selection of the appropriate tyre model for a specific 
analysis is a difficult task, since a wide range of model formulation 
exists. A comparison between model capabilities and limitations from 
which relative performance can be assessed is not available. Another 
disadvantage of the macroscopic modelling technique, is its 
incapablity of predicting carcass strains, cord loads, and the effect 
of constructional geometry and changes in constituent material 
properties on tyre deformation behaviour. 
A brief survey of these models and their evaluation is 
summarised in Appendix [A]. 
The finite element method can be recommended as an alternative 
approach to microscopic analysis because it is very flexible and 
provides accurate results for complex structures and general loads as 
will be seen. 
2.2 MICROSCOPIC ANALYSIS OF TYRES: 
The composite nature of the tyre carcass, resulting from 
combinations of rubber and cord in complex geometric patterns, gives 
rise to a deformable body which is neither homogeneous nor isotropic. 
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The complex system of loads, to which the tyre is subjected, arising 
from rotation and road contact, causes the carcass to undergo large 
deformations, even though the resulting internal cord strain is 
small. 
The basic factors which should be considered for accurate 
analysis of tyres are; the complex geometry of the structure, the 
anisotropicity of material properties, the indetermination and 
asymmetry of loading condition, and the large deformation for such a 
highly flexible body. 
Hence, it is essential to find a powerful and sophisticated 
method of analysis which can deal with such factors. The finite 
element method represents a powerful numerical technique which can 
cope with such a problem. 
The bulk of the existing literature dealt with the tyre as a 
purely elastic structure. Some of the previous investigators for 
example [11] have used a one dimensional ring model to predict its 
characteristics approximately. Such a model is based upon very 
simplified material properties. 
The membrane theory is applied to calculate the stresses in the 
cord due to the inflation pressure [12,13]. In this model the matrix 
of the plies is considered as a filling material to hold the cords 
together, whilst the strength of the carcass is obtained from the 
cords. 
The thin shell of revolution with membrane and bending stiff- 
ness was used by Petal, Zorowski and Dunn [14,151, to predict the 
deformation shape and resulting cord forces in the tyre. Me 
material properties were assumed to be linearly orthotropic and the 
model was subjected to inflation pressure and rotational loading. A 
number of difficulties were encountered in their work, such as the 
high sensitivity of the iterative scheme and the large CPU time 
consumed in the solution. 
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Since the membrane theory is based upon the assumption that the 
thickness of the structure is very small, it will not be adequate to 
be employed for the analysis of tyres as has been used by [12,13] who 
neglect the out-of-plane-bending rigidity. On the other hand, the 
shell models produce a more accurate result for the actual tyre 
behaviour due to the inclusion of the out-of-plane-bending rigidity. 
None of the present models is able to account for the effect of 
transverse shear deformation. This effect is very significant for 
the case of the highly anisotropic composite materials used in tyres, 
since their resistance to shear is much smaller than their resistance 
to normal stresses. 
Hence, the models mentioned earlier cannot describe accurately 
the deformation, stresses and strains for tyres. 
The carcass is basically a composite structure consisting of 
layers or plies of cord reinforced rubber. The property of the 
individual plies themselves must be specified before calculating the 
load-deformation relationship for the whole tyre. 
The ply properties are, in turn, functions of the constitutive 
equations of the component materials as well as their geometrical 
arrangement. The ply properties are determined from the application 
of micromechanic theories. 
Existing micromechanic theories have been developed for 
materials that are homogeneous and linearly elastic [24,25,26]. The 
cord consists of numerous filaments of fibres twisted together to 
form a structure which is macroscopically heterogeneous and visco- 
elastic[22]. In Reference [17], the structure was considered as a 
two-phase material consisting of high-strength, high modulus fibres 
embedded in a relatively softer and lower strength matrix. The basic 
load carrying element is the fibre, while the matrix acts as a stress 
transfer medium. In reference [18], the author considered that the 
function of the rubber was to support the other elements in their 
locations adding only a relatively small amount to the overall 
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structural stiffness . 
Watanabe and Kaldjian [17,18] used a mathematical model 
consisting of an aggregation of a finite number of truss elements 
with a three dimensional solid element, and the tread rubber has been 
neglected. This model was used for the analysis of the deformation 
of a bias-ply motorcycle tyre subjected to inflation pressure. 
Trinko [21], used laminated, geometrically non-linear finite 
elements where the tyre was represented by one quarter model. The 
rubber portions were modelled using solid eight-noded hexahedra, 
whilst the cord-reinforced layers were modelled using four-noded 
quadrilateral membrane elements. The rubber was assigned a Poisson's 
ratio of 0.48. The footprint loading was simulated by enforcing 
vertical displacement at selected nodes of the model to yield a 
contact patch force distribution. 
An axisymmetric, solid-of-revolution, element for both symmetric 
and asymmetric loading conditions was used for the static analysis of 
tyres [16,201. 
Reference 16 by DeEskinaze and Ridha, used eight-noded iso- 
pararmetric elements for nonlinear analysis. 'They, discretised the 
tyre into bands through the thickness. The inflation pressure was 
applied as two equal load increments and an iterative technique was 
used for the solution of the equations which satisfy equilibrium at 
the end of each loading increment. Their analysis was used for the 
determination of tyre deformation and variation of cord load along 
the tyre profile. 
Reference 20 by Kaga, Okamoto and Tozawa, used the axisymmetric 
solid of revolution under asymmetric loads to calculate the displace- 
ments and internal stresses and strains. They approximated tyre 
nonlinearities by using a sequence of linearised steps, and the final 
deformed shape of the tyre was determined incrementally through a 
sequence of equilibrium configurations, each of which was obtained 
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from the previous one by the application of the linear theory. 
Fourier series was used by Reference 20 for the representation of the 
external load. 
In both of. the models described by References 16 and 20, the 
warping effect due to the laminated composite structure was 
neglected. Hence, allowing the problem to be treated as 
two-dimensional. Reference 20 later goes on to consider the circum- 
ferential direction due to asymmetric loading. 
An experimental investigation was carried out by Janssen and 
Walter[411, to measure the stresses and strains within the tyre. 
They used different methods for each region of the tyre. Miniature 
force transducers were used to measure the cord stresses arising from 
tyre shaping during vulcanisation, the change in cord stress patterns 
caused by postinflation, and the cord loads caused by tyre inflation 
and by cornering. Liquid metal gauges were used to measure rubber 
strains on tyre surfaces. A photoelastic method was used to measure 
the strain distribution in the interior of the tyre under simulated 
load. 
The study of the dynamic properties of tyres is associated with 
difficulties, such as, the presence of large strains, anisotropicity 
of the material, complex shape of the tyre, and the distribution of 
external forces. 
The simplest approach to tyre dynamics is the one-dimensional 
ring [11,30]. This has been found to be inaccurate for the 
determination of the natural frequency, the mode shapes and the tyre 
deformation of the stress behaviour. 
In 1975, Soedal[33] presented an approach for predictng tyre 
response to arbitrary transient road vibrations, as well as, to 
arbitrary road profiles, based on the tyre natural frequency and mode 
shapes. It has been discovered that when the arbitrary rolling speed 
coincides with one of the natural frequencies divided by its circun- 
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ferential wave number, a standing wave will be built up to annoying 
and destructive levels, which results in a drastic increase in power 
losses and tyre temperature. 
An experimental investigation was carried out by Potts[ 39 ], to 
display the resonant mode shapes of vibrating radial tyres with 
varying belt composition, using the time-avergaged holographic 
technique. 
An analytical finite-element procedure was developed by Padovan 
[32], to obtain the natural frequency of rotating anisotropic shells 
of revolution. 
The doubly-curved, axisymmetric shell finite-elements and the 
modal expansion approach were used for investigating the linear 
dynamic response of radial tyres by Chang and Yang[34,351. This work 
was extended by Hunckler[36,37] to include the orthotropic material 
properties with first and second order nonlinear stiffness terms, but 
it was limited to small amplitude vibration analysis. 
The standing wave which can be generated in tyres is 
demonstrated as a viscoelastic tyre resonance response. In 1976, 
Padovan[38], discussed the effect of damping on the development of 
the standing wave phenomenon, using the classical ring on foundation 
model. In 1977, the same author[40] extended his work using a 
rotating laminated shell model of the tyre. 
The viscoelastic constitution law is treated as being of either 
the differential or hereditary integral type. 
In the differential type the stress-strain relation may be 
represented by the general differential equation form[46,47,48]: 
PkAr/dtk = qkd 
e/ dtk or 
PQ =QE where; 
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P&Q are differential operators: 
P=T pkdk / dtk 
Q= gkdk /dtk 
in which the mathematical model can be represented by the Kilven 
model, the Maxwell model or a combination of the two. 
A Laplace transform can be used to solve the above equation, in 
which the problem of viscoelasticity will be reduced to a problem of 
a 
elsticity[49,50,51]. For this case the differential equation is 61 
reduced to: 
Q=DE 
and the equation of equilibrium is: 
Ra =F (2.1) 
F 
. 
is the Laplace transform of nodal force, and: 
SS 
D=D0+S+Y1 D1+s+Y2-2+ 
ý+ SS? 1 
Il + SS ! So 1 K2 + 
S 
+ --- D S+Yn n 
S 
+ S+Yn 
where ; 
Ki = f5f BTABdv TI i=1,2,3, 
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Equation (2.1) can be solved using the classical finite-element 
technique, whilst the Laplace inversion of any particular stress 
component, provides the stress distribution for the original 
viscoelastic problem. 
The Laplace transform technique is restricted to a narrow range 
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of problems in which it is possible to find an explicit solution to 
the associated equations of elasticity, and where the body and the 
surfaces do not change with time [521. 
A step-by-step approach, using small intervals, has been 
proposed by Zienkeiwicz and Watson[52]. In this approach it was 
asumed that the stress was constant over the time interval and the 
finite-element method was used for the correction of the 
compatibility of strain at the end of each interval. 
A finite-element algorithm was developed by McGens Henrikson 
[531, for the analysis of nonlinear viscoelastic materials. He 
developed a single integral constitutive law for the description of 
the material behaviour which can be expressed as follows: 
c {e} 
-D et - -1 
Dt 
The accuracy of the solution to this constitutive equationn is 
not affected by the method of derivation of the stiffness matrix but 
the rate of convergence of the solution may be. 
In order to reduce the computational effort, a convergence- 
acceleration scheme as proposed by Zienkiewicz[54), is recommended. 
Instead of starting with spring-dashpot analysis, some authors 
[46,47], employed the hypothesis that the current value of the stress 
tensor depends upon the complete past history of the stress and on 
the current value of the strain, corresponding to an instantaneous 
elasticity effect. The stress-strain relation based on their 
hypothesis may be represented by an integral form as follows: 
co 
=Qi j (t) ýf Ckl (t-s)dCijkl 
which is called, the hereditary integral. This formulation is 
completely equivalent to the differential formulation, and has the 
advantage of exhibiting greater flexibility with the measured 
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properties of the actual material. 
2.3 FINITE ELENEN1' METHODS : 
Although the finite-element method did not come into use until 
the 1950's when it was introduced for the first time by Turner et al 
[551, the idea of representing a continuous medium by a set of 
discrete elements has been in use much longer. 
In 1941, Hrennikoff[56], introduced the concept of representing 
arbitrary shaped plates by beams along their edges and diagonals. 
The displacement approach to the solution of finite-element problems, 
a method more widely used than the stress or hybrid, is illustrated 
by an axially loaded spring; 
F=Ks 
where: 
F is the applied load 
K is the stiffness matrix 
6 is the displacement 
Contained herein, is a brief survey of some of the elements that 
can be used in tyre analysis. 
2.3.1 Constant Strain Triangular Element: 
For this element a linear displacement function is assumed, this 
making the task of deriving the element properties very simple. This 
element is limited in use, and requires considerable mesh refinement 
in modelling the tyre leading to increased cost and reduced numerical 
accuracy. The shape and orientation of the triangular element may 
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influence the results. It is also limited in linear analysis, and 
the bending stretching effect is neglected. Its application for 
axisymmetric loading is straightforward. However, analysis for 
asymmetric loading becomes cumbersome. 
2.3.2 Membrane Element: 
The membrane analysis is generally limited in scope and 
application[60], because of the following: 
# The abrupt changes in geometry, material properties, or 
loading cannot be handled. 
# It cannot account for the effect of transverse shear 
deformation in the contact area. 
# Local forces cannot be predicted in zones of significant 
curvature change or where there is a discontinuity in the 
orientation of the plies. 
2.3.3 Thin Shell Element: 
Thin, curved shell, elements extending through the tyre 
thickness were used by Zorowski and Dunn[61]. The main disadvantage 
of this element is that the convergence of the iteration process, and 
the accuracy of the solution, are dependent upon the size of the 
element and the magnitude of loading. The curved thin shell element 
is still limited for use due to the following: 
# Special care is needed in representing the finite-element grid 
location of the nodes or a smooth profile is necessary for 
accurate results. 
# Calculated stresses are not accurate particularly at positions 
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of high stress gradient and for discontinuous plies. 
#A plane through the thickness does not remain plane after 
deformation. 
# The transverse shear stress is neglected. 
Thin shell theory can be used to obtain a more general solution 
of the tyre than that obtained with the membrane theory. 
Most classical shell theories are not directly applicable to 
tyre analysis, because of complexity of geometry, variation of 
thickness, nonuniformity of composite properties and large 
deformations. 
2.3.4 Axisymmetric Solid of Revoluton: 
The axisymmetric element of the isoparametric family has 
significant advantages. It is possible to carry out a full three- 
dimensional analysis by using the axisymmetry of the structure. In 
this way the size of the mesh, and the necessary computational time, 
can be reduced. The element can deal with very complex structures. 
There is a need for an element with which it is possible to 
calculate the deformation and shear stresses at the belt edge. These 
streses can be calculated, either by a modified two-dimensional 
element, or by a full three-dimensional one. 
2.4 RUBBER ANALYSIS: 
The pneumatic tyre contains a variety of rubber compositions, 
each able to contribute some particular factor to overall performance 
The guiding principle in the development of rubber compositions for 
tyres is to achieve the best balance of properties for a particular 
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type of tyre service. 
For incompressible materials , such as rubber , 
for which the 
stress tensor can be derived from the strain energy function, and in 
which the deformation can occur without an appreciable change in 
volume, a problem arises. This problem revolves around the fact that 
for in-plane, or axisymmetric, situations the stress tensor cannot be 
determined from the deformation alone. A hydrostatic pressure which 
does not affect the strain tensor must be considered in the 
evaluation of the stress tensor[631. 
There are two main types of approach used in defining the 
constitutive equations for describing the elastic nature of rubber. 
The molecular approach considers the response of the molecular 
network to deformation, with the elasticity parameters being 
calculated from the finite molecular length and molecular weight 
between crosslinks. The other approach is the phenomenological 
approach, where elasticity theory is modified, often intuitively, and 
a postulated form is fitted to experimental results by regression. 
The particular constitutive equation will contain one or more 
constants which must be determined. 
Many forms of strain energy function have been postulated, with 
constants which are adjusted to fit the shape of the stress-strain 
curve. Experimental data from more than one type of deformation have 
been included in these functions, in order to make them as general as 
possible. 
Rivlin[71], developed a finite-element approach capable of 
treating rubber structures, with and without cord or plate reinforce- 
ments. It was found that an expression for strain energy, suitable 
for describing the behaviour of rubber compounds, 'is: 
w=ICij ( I1-3 )i (I2-3")i± IHn ( I3-1 )n 
ij=o n=O " 
and; COO =HO=0 
AAA 
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where the values and the number of constants introduced into the 
formula can be found through biaxial traction and hydrostatic 
compression. 
A modified strain energy expression was defined by Takamatsu et 
al [63] as: 
W=W(I1, I2)+P(I3-1) 
where, P is a Lagrange multiplier, 
Il , 12 , 13 denote the first, second and third principal strain 
invariants of Green's deformation tensor. 
W, is a strain energy function which is known as the Moony- Rivlin 
form. 
Pian and Lee [64), pointed out that the incompressibility 
constraints, imposed upon the assumed stress hybrid elements, are much 
less severe than those of the displacement method. 
A finite-element method for the analysis of non-linear rubber 
was developed by Jankovich et al [651, using a penalty function 
approach based on a reduced constraint concept, and with the highly 
non-linear equations being solved means of the Newton-Raphson method. 
Thus, until a generalised molecular hypothesis is found, any 
phenomenologic strain energy function that is postulated is merely a 
convenient mathematical representation. 
Having recognised this fact, the problem of finding stress- 
strain equations, or strain energy functions, for a particular 
material, is simplified to one of finding an experimental method with 
an associated regression equation containing . sufficient terms to 
accurately fit the experimental results. 
CHAPTER 3 
LINEAR FINITE ELEMENT ANALYSIS AND 
MESH GENERATION FOR PNEUMATIC TYRES 
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CHAPTER 3 
LINEAR FINITE ELEMa ANALYSIS AND 
MESH GENERATION FOR PNEUMATIC TYRES 
3.1 INTRODUCTION: 
The pneumatic tyre can be considered as an axially symmetric 
composite structure, with its geometry and material properties being 
independent of the circumferential direction. For the case of an 
isotropic material; the problem which is physically three-dimensional 
can therefore be considered mathematically as two-dimensional. 
Due to the inclination of the reinforced plies with respect to 
the axis of symmetry, there is a twisting (transverse) shear force 
acting between the various plies of the tyre, which in turn leads to 
a considerable displacement component, (w) in the circumferential 
direction, ( . ). Although the displacement components ( including the 
warping displacement, w) are independent of , the above stress 
analysis problem is a three-dimensional one, with the full six com- 
ponents of stress and strain taken into consideration, as will be 
explained later. 
The axisymmetric solid of revolution element, with isoparametric 
transformation, can be the most efficient finite element if it is 
developed for a full three-dimensional analysis. 
The pneumatic tyre is obviously a very complex structure. The 
tread region, which is made of rubber, provides a means for applying 
the external loads. The carcass consists of a number of rubberised 
layers, each consisting of either nylon, rayon or steel cords which 
are fabricated to form a laminated composite structure. The cord 
layers are surrounded by a variable thickness rubber layer, allowing 
the shear load to be distributed throughout the tyre and protecting 
the main load-carrying cord plies from damage. For the case of 
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radial tyres, extra layers of cords between the carcass and the tread 
are included to act as a reinforcing element in the circumferential 
direction. The carcass and the reinforcing layers will be treated 
here as an orthotropic composite, while the filling rubber and the 
tread region will be considered as isotropic material. The cord 
layers are anchored to a rigid steel band, the bead, which holds the 
tyre on to the wheel. 
3.2 THE ELASTIC CONSTANTS OF A COMPOSITE LAMINATE: 
The elastic constants of a ply, which consists of cord and 
rubber, (Figure 3.1) can be represented by an assembly of springs in 
different arangements in the direction of each principal axis (1,2 or 
3) as will be shown. The work will be extended here to include the 
calculation of the secondary Young's modulus, Poisson's ratios and 
the shear modulus which are neglected in the previous literature. 
For the reinforced layers it is convenient to employ the Young's 
modulus Er and Poisson's ratio yr of the rubber as the two indepen- 
dent constants, (Section 3.1.4). Whilst the twisted, fibrous, tyre 
cord which contains some void contents between its fibres, should be 
treated as a transversely isotropic material. The tyre cord elastic 
constants are significantly influenced by the amount of twist 
employed. 
Ec =Ef/ (1 +4 R2 'I2 )( Ref. 27 ) 
where Ef is the fibre modulus, 
R is the cord radius and 
T is the twist. 
The rubber constants for each portion of the tyre, and the cord 
modulus of the cords, used in the numerical example given later are 
taken from the data given by DUNLOP, whilst the Poisson's ratio and 
shear modulus are taken from References [20,27]. - 
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a) Determination of E1_ 
The Young's modulus of the layer in the principal direction (1) 
can be modelled by two springs connected in parallel representing the 
Young's modulus of the cords Ec and the filling matrix-Er. as shown 
in Figure (3.2). 
Assuming that the strain will be the same all over the cross- 
section, it can be deduced that: 
Aa= Ac ac+Argr 
Using Hooke's law 
AEl d= EE SAr+Er 6Ar 
where c, Ar are the cross-sectional areas of the cord and rubber 
respectively. 
E1 =% ('JA) + Er (Ar/A) 
= Ec Vc + Er Vr 
where c, Vr are the volume fractions of cord and rubber. 
b) Determination of E2_ 
The secondary Young's modulus E2 which is the elastic modulus 
operating in the direction 2, for the layer can be represented by an 
arrangement of springs in series ( Figure 3.3). 
Assuming the stress will be the same, using Hooke's law, 
2CcCC2 
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2r= Ercr 
For layers of constant thickness, the cross-sectional area is 
also constant, hence; 
2 AL= j; c 
ALS+"ALr 
c2= 
cVc+ -Vr 
CT /E2=9c Vc/Eý+a /E Er 
as, 2=g= 
_vr 9 
hence, 
1/E2=Vc/Ec+Vr/Er 
or, E2=Ec Er/ (Ec Vr+ErVc ) 
c) Determination of Ej 
Using the same procedure as before the layer can be represented 
by the arrangement shown in Figure (3.4), in which Vr2 is the volume 
fraction of the coated layer while Vrl is the volume fraction of the 
rubber between cords. 
I 
E =EcEr/ (EcVr2+ErVc 
Vc+ßr1+Vr2=1 
1 
E =EcEr/ ( Ec( 1-( Vr1+Vc )) +ErVc ) 
and ; 
1 
E3=E V2+ErVri 
23 
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E3 E( 1-Vri) +ErVr1 
Er Ec - Eý Er Vrl Ec Er Vrl Vc + E2 
Ec(1-(Vr1+Vc))+ErVc 
Er Ec / Ec (1-( Vr i +Vc )) + Er Vc 
If the coated layer is very thin, the equation for the Young's 
modulus in the direction normal to the layer can be approximated by : 
E3 = Ec Er /( Ec Vr + Er Vc ) 
d) Determination of The Shear Modulli G12-i G13-L 
Assuming that the shearing stresses on the cord and on the 
rubber are the same as shown in Figure (3.5a). 
Yr= T/Gr 
Yc= T/ Gc 
On the microscopic scale, the deformation shown in Figure (3.5b) will 
be : 
A= YW 9 
ýr-VrWYr 
Ac=VCW YC 
since ;=r+c 
Y =Vr Yr+Vc Yc 
YTG 
12 
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i. e. T/ iß'12 =( VT T/ Gr) + (Vc T/ GC ) 
G12 = Gc Cr /( Vr Gc + Vc Gr ) 
Similarly, it can be deduced that: 
G13 = G12 
e) Determination of Poisson's Ratios : 
From Figure (3.6), the major Poisson's ratio "121 is defined 
as : 
v12 = _C2 ße1 
Assuming thatg 1=Q, while the other components are zeros; the 
deformation (p w) is determined by : 
pw =- w¬2 = wv 12 E1 
but : AW= A W+ (cW 
where; Ac w9 Arw are the deformations of the cord and rubber 
respectively , and can be approximated by; 
prw=wvrJrE1 1 
pc w=w vcvcc 1 
Combining the above equations : 
WVrvrcl +wVcvicel =w 'JZE1 
i. e. X12-Vrvr+VcVc 
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Using the following relationship ; 
'12 / El=V21/E2 
it can be shown that ; 
v21 = E2 v12 / E1 
Similarly ; 
v13-urvr+Vc vc 3 
v31 = E3 V13 / E1 
and ; 
"23 = (( '*)c / 'Jr )- 1)/ (vc / ')r ) Reference [29] 
"32 = E3 'J23 1 E2 
3.3 Stress-Strain Relation for Reinforced Layers : 
The reinforced layers of the pneumatic tyre will be treated as 
an orthotropic material. The generalised Hooke's law relating 
stresses to strains can be written as : 
Qi = ßiß c3 i, j = 1,2 ,......., 6 
where ai are the stress components, Did is the stress-strain matrix 
and C. are the strain components. 
For an orthotropic material, 
components in the Did matrix thus : 
there will be nine independent 
Did = Dji , 
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Vii / Ei VJi / EJ 
and, since the elastic constants of the layers have been determined, 
the matrix, Did , in terms of these constants will be[24]: 
D11= (1- V23 V32) 1 E2E3 A 
D12 =( v21+ v31 v23) / E2E3 
D13 =( v31+ "21 "32) / E2E3 A 
D22= (1' 12 31 )/ ElE3 
D23= ( V32+ 12v31 )/ E1E3A 
D33=(1' 12V21)/ E1E26 
D44 =G23 
D55 = G31 
D66 = G12 
where; 
A-( 1- "12"21- "23"32- `31'13-2 `'21`32'13 )/ E1E2E3 
E1, E2, E3 are the Young's modulli, 12' 21, V 23' V 32' 31 and 
v13 are the Poisson's ratios, G12, G23 and G31 are the shear modulli 
along the principal axes 1,2,3 of the lamena, and the other terms of 
the Did are zeros. 
3.4 Rubber Analysis: 
The tread rubber and the filling matrix of the reinforced layers 
will be treated here as isotropic materials. The representation of 
the isotropic material properties permits large strains in the rubber 
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to be dealt with without having to resort to the infinite bulk 
modulus hypothesis, and allows it to be described according to the 
material's real characteristics [72]. 
Usually rubber is described as an incompressible material. The 
most common expression for the strain energy function (W), and one 
which is found to be very suitable for describing the behaviour of 
rubber is [71,721 : 
w=I Cif ( I1 -3)i (I2 - 3) 3-I Hn (I3 -1 )n 
and the difference between two orthogonal stresses takes the form: 
22ýx 
Q1-Q22/3)(1 -2) 
äI-+ asa12 
12 
where; 
Cif , Hn are constants and, 
C00=H0=0 
Xi=1+c1 
A2=1+ e2 
=1+ e3 
e1, E2, e3 are the strains in the 1,2,3 directions, 
respectively, and; 
222 
Il= X1+ A2+ A3 
22222 
12 
= 
Xl A2 + A2 A3 + a3 al 
i2 
I3 - ý1 ý2 A3 
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For an incompressible material, such as rubber; 13 =1 and for 
small strains the following equations can be used [71]: 
E= 4( 1+v )( Cl0+C01 )9 
G='2( C10+C01 ) 
in which the constants are experimentally determined. On the other 
hand, it was suggested by[731, that the accuracy of the solution will 
increase as the Poisson's ratio approaches 0.5, until it reaches a 
maximum value of 0.499, this value will be employed in the present 
work. 
3.5 FINITE ELF1EIff FORMULATION: 
The tyre will be modelled as an axisymmetric solid of revolution 
based on the displacement approach where the orthotropic material 
properties of the reinforced layers will be considered. The 
analysis will be carried out for both symmetric and asymmetric 
loading conditions. 
3.5.1 Finite Element for Tyre Under Symmetric Loading: 
The strain-displacement relationship, in the linear form using 
cylindrical coordinates, may be written in the following form: 
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Cr 
ez 
e 
Y rz 
au 
ýr 
Bz 
u 
-r 
-z + 
Br 
aw-w Y ro I 
L:;: 
TY 
&zwhere 
u, v, w are the displacements along the r, z, 9 directions. 
The necessary equilibrium equation using the virtual work 
principle is: 
AX=AU - AW=O (3.1) 
where : 
,& W=&6T F (3.2) 
Au= fffocTQ dv (3.3) 
The stress components can be expresses in the following form: 
Q=DE (3.4) 
and the strain components can be expressed in terms of nodal 
displacements and shape functions as follows: 
e=Bd (3.5) 
where: E ={ Cr 2 Cz IE& 2 Yrz IYr. I 1zs } 
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and, 
a Ni oo 
r 
08 Ni 0 
a- 
Ni 
00 
Br 
a N. a Ni 0 
aZ ar 
0a 
Ni Ni 
0r --r 
o. 0a Ni 
aZ 
and, Ni is the shape function of node i 
Using the chain-rule of partial differentiation, it can be 
deduced that: 
3Niý aNi 
J (r, z )r 3 N. TI a Ni 
TI n 
where J is the Jacobian defined as follows: 
a: r z 
r az 
an an 
Hence, 
NN 
ar 
J-1 L'z) 
aE 
aNi 
aZ an 
Substituting from Equation 3.4,3.5 into Equation 3.3 , it can be 
shown that: 
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u= (fff 6T BT DB6 dv ) 
aT (ff5 BTDBdv) 
Using ý-x -0, it can be shown that: 
2d 
T 
(551 11 DBdv )d -F=0 
i. e. Ke 6=F 
where: =fff BT DB dv 
is the element stiffness matrix, and 
dv=rdrdzd3 
Since the material properties and the loading conditions are 
independent of 0, then: 
Ke = ffarea BTDB21Irdrdz ---- 
z 
also, dr dz =J(r, n )d, dn 
i. e. K =ffBTDB2wr J(-'n )d dr1 (3.6) 
and for the isopararnetric element ; 
n 
r= fri Ni 
i=1 
where ne in the number of nodes in element e 
Derivation of The Rotated Orthotropic D Matrix : 
In Section ( 3.1.2 ) the elastic properties of the layers are 
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calculated with respect to their principal axes. In fact, these 
layers are oriented in the tyre structure by an angle ( cp ) with 
respect to the principal axes of the geometry. 
In Figure (3.7), r, z, & are the principal axes of the layer, 
whilst r, z, are the principal axes of the tyre structure. 
The elastic properties related to the geometrical axes can be 
obtained according to the following steps: 
1- Transform the strain of the structure to the principal strain 
of the plies: 
1 
E-Re 
2- Calculate the stress in the principal direction of the ply: 
Q=DC 
3- Transform the stress a to the principal direction of the 
geometry according to the following: 
Q=RQ 
Qý =R1a 
=R1DRe 
I1 
=D E 
where: 
i 
=R1 DR 
and R is the transformation matrix [24]: 
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1 0 0 0 0 0 
0 m2 n2 0 0 2mn 
0 n2 m2 0 0 -2mn 
0 0 0 m n 0 
0 0 0 -n m 0 
0 -mn mit 0 0 m- n' 
m=cos 
n=sin(p 
3.5.2 Finite Element for 'Ire Under General Loadin 
For the case of general loading in which the tyre will be 
subjected to an internal inflation pressure and asymmetric external 
loading such as; radial load traction and braking forces, and side 
force, the Fourier expansion is employed. With this expansion, 
either by Fourier series or Fourier transformation, the problem can 
be treated as an axisymmetric solid of revolution with a symmetric 
loading for each harmonic. 
The displacement field is augmented and becomes: 
CO I Go it 
sin ne u= Iön cos ne+ 
! 
n" 
CO I 
CO 
IU 
v= Iovn cosn&+ n sinne 
CO I OD 11 
w= Yö n sin no- 
Iwn cos n. & 
where u, v, w are the displacements along the r, z and 4 directions. 
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Using the orthogonality conditions: 
n 
f cosm. sinn. d. =0 
n 
fTr cosmO cos no d3='. n 
IT' 
for all m and n 
form=n=0 
_ lt 
=o 
Jn sin m4 sin not d= IT 
IT 
=0 
The harmonics can be decoupled. 
form=n 0 
for m #n 
for m=n #0 
form ;en and m=n=0 
For orthotropic layered material, where the layers are oriented 
with the principal material direction by an angle p; there will be a 
coupling between the cosine and sine harmonics ( designated by single 
and double bars ) due to the presence of D16 , D26 , D36 ' 
D54 ' D45 
2 D61 I D62 and D63 " 
Hence, the problem can be symbolised by the equation: 
[ KO E4 K2 '' *En 
3{ 60 61 62 63 "an }_ { FD F1 F2 .. '-Fn 
} 
where for this case Kn is a matrix of order 6M x 6M as will be 
explained later. 
Employing the stress-strain relationships : 
a=D e 
=D(B'a'+B'ý'>> 
the strain energy will be : 
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U- (ö 'TB'T+ 
= 6'T ( B'T DB 
+6 (B"TDB 
A A* 
= 
BTBTDB6 
rB"T)ncBý +B 
B'TDB, )S 
g+ aýýý (B 
"T DB ,)ý, 
N 
where: {B''°j 
and ; 
and; 
B' 
tl B= 
äN-i- 
cosn 00 ar 
0 
ýNz 
cos n0 
rý 
cos n40T! 
HL 
cos n0 
aN cos n 
aNr 
cos n .&0 
z 
- sin no 0 (ar U- 
-N 
-r )sinn9 
0 - -i 
sinne 
-'- 
sin no 
al\ 
sin n,. är 0 0 
o 
N. 
sin n 0 
N. 
--sin no. 0 
nN 
---i sinn4 
r r 
-N! 
sin no sin n9. 0 
l cos no 0 )cos ncý 
r ar r 
i i 0 cos no -c os n9. r az 
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The D matrix will take the form: 
D= 
d11 d12 d13 0 0 d16 
d21 d22 d23 0 0 d26 
d31 d32 d33 0 0 d36 
0 0 0 d44 d45 0 
0 0 0 d54 d55 0 
d61 d62 d63 0 0 d66 
Hence, the element stiffness matrix can be expressed as follows: 
=r5' BTDAB dv 
The explicit form for the above element stiffness matrix has 
been derived and listed in Appendix (B). 
Strain Calculation: 
The strain components can be calculated using the equation: 
C=B 6 
in which: 
(C 
riar 
_äN 
O0 
faI, 
air ý10uimcosmo +Ii im sin me] 
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aý (Ez ýi-Bz 
= 
aNi [vI cos m& TZ im 
00 1 
+ 1, v im sin w1 
ui+ 1 (eý )i 
rr aý 
N co °\D I, 
=t[u im cos m9' +Lu im sin mý 
1 
co 
+ jo- m wýim sin m& + llwIim cos m& J 
°ý3" ý" 
ýYrzýi-äz+är 
ah cm 
= az [ 10 u im cos ms + jlu, im sin me 
] 
CK) 00 
ari [ 11výim cos me + 
i1v, 
im sin me 
] 
1av +aw Yz4 ýi -r ý9 8z 
N°} °° ff 
= ri [ ý, o- 
m vim sin m9 + Ilm vim cos m9 i 
BNi 0 
az 
[ 1Swim cos mý +11 wim sin mR I az 
ýi-Ti+i_rl 
ri 
[i 
o- m uim sin 
0+1m um cos m, 
N co Co J + (a1 - ri) ( 
4w'. cos m& +IW 
ill 
sin m. & 
Stress Calculation: 
By substituting the above strain equations into the following 
stress-strain relationship: 
Q=D C 
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the stress components can be found as: 
ti 
{ ar °z a Trz }_{ orm azm o9m Trzm 1 cos m& 
{ Tr& T., z 
}=T{ Tram T3zm 
} sin 64 
where the barred quantities are functions of r, z and m but not of . 
N. B. If the tyre is subjected to an external radial load which is 
symmetric along the plane (. =0), the second part of the Fourier 
series will vanish, reducing the stiffness matrix to 3Mx3M . 
The explicit form of the stiffness matrix for this case is given 
in Appendix (C). 
3.6 LOADING ANALYSIS: 
There are two basic types of loading conditions for the static 
analysis of pneumatic tyres. They can be summarised as follows: 
3.6.1 Inflation Prassure: 
For this case the tyre is loaded by an internal pressure (p), 
which is assumed to be uniformly distributed . Consider an 
infinitesimal part of the internal surface of the tyre as shown in 
Figure ( 3.8). It can be deduced that: 
dF= - pntds (3.7) 
where t is the thickness. 
AA ft 
dsn=dyi -dx j (3.8) 
- n=-( 
dy 
i+ (as) j (3.9) 
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i. e. dF =-pt& us i+pt 
dx 
ds j (3.10) 
=-tpdyi+tpdxj 
rf% 
= dFx i+ dFy j 
where: 
dFX= - tpdy 
(3.11) 
dFy= tpdx 
and the work done (W) will be: 
dtv = dFx u+ dFy v (3.12) 
Defining an axisymmetric surface element as shown in Figure 
3.8), it can be deduced that: 
u= uiNi (E) 
(3.13) 
v=ýviNi( E) 
Hence ; 
dW = dFX I ui Ni + dFy I vi Ni (3.14) 
= gT dF 
i. e. 6F= ui ( dFX )i +I vi ( dFy )1 (3.15) 
From 3.14 , 3.15 
( dFX )i = Ni dFX (3.16) 
( dFy )i= Ni dFy (3.17) 
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a 
From the isoparametric transformtion of the surface element: 
x( E) =1 xi Ni(t ) 
(3.18) 
y( yl Ni( ) 
dx = (I xi ') dE = Jx dE (3.19) 
dN' 
dy ( yi d') 
dy=JydC (3.20) 
where ; Jx , Jy are the x-Jacobian and y-Jacobian respectively. 
Substituting Equations 3.11 , 3.19 into 3.16 
( dFX )i=- Ni (E) (- tp dy ) 
=- Ni( E) tpJydE 
similarly ; 
( dFy )i= Ni (C)tp JX dc 
Hence, the equivalent nodal forces can be expressed as follows: 
I 
FX)i=-f tpNi(Jy( E)dE 
0 
( Fy )j=ftp Ni( JX( dC 
0 
3.6.2 General Loading: 
For the case of externally loaded tyres, the pressure 
distributon on the surface of contact will be assumed constant in the 
present work, similarly the contact surface will be considered to be 
flat. This external pressure is calculated from the external load, 
and the area of contact. 
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Using Fourier series; for each harmonic (n), the pressure will 
be : 
co 1 co 11 
P=IP (r, z) cos n& +IP (r, z) sin n& 
01 
and ; 
11 31, 
P(r, z-f? cos n& de 
No 
to 37 P(r, z)= 1fP sin n& dg. 
710 
The cyclic loading is represented as shown in Figure ( 3.9 ) by 
the load ( P/2cP ); where ( 29 ) is the angle of the arc of contact. 
i. e. P =-ýo f(P cos r d, 4 
cO 
-? of-p) cos n& d4 2C 
=(p) sin nip 
ncpn 
while, P=0 
3.7 BOUNDARY CONDITIONS : 
The tyre will be treated as a three-dimensional axisymmetric 
structure with the following assumptions: 
a- The nodes in contact with the rim will be totally fixed. 
b- The nodes along the r-axis will be free in the radial and 
circumferential directions, fixed in the tangential direction. 
c- There will be no deformation in the foundation plate under 
the area of contact. 
42 
d- The pressure acting in the area of contact will be uniformly 
distributed. 
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3.8 MESH GENERATION 
The pneumatic tyre, as previously stated, is a very complex 
layered composite structure, and the first step of the finite element 
analysis is to discretise the structure into finite elements 
connected by nodes. For a strcture, such as a tyre, it is necessary 
to discretise it into a sufficient number of elements in order to 
obtain a reasonable accuracy. On the other hand, the more elements 
that are used, the more costly will be the analysis. Therefore, it 
becomes very desirable to incorporate an automatic mesh generator 
into the finite element analysis in order to alleviate this 
difficulty. This technique has been employed by many investigators 
[75,76,771. 
The recursive approach, which was originated by Zienkiewicz and 
Philips [ 66 ], and developed by EL-Zafrany [59], is adopted for the 
present finite element program. 
The mesh generator developed for this work has the following 
facilities: 
i- Me use of arbitrary elements for the discretised block. 
ii- The inclusion of some efficient transition elements. 
iii- A facility for modifying the generated mesh. 
iv- The ability to specify the element type and material within 
the mesh. 
v- An interactive mesh generation facility, with which each step 
can be displayed and checked. 
vi- A facility for renumbering the generated elements in order 
to obtain the minimum front width and hence an efficient 
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frontal solution. 
3.8.1 Mesh Generation Steps: 
The mesh generation procedure can be formulated so as to be 
applicable to any two-dimensional structure. The basic steps can be 
summarised as follows: 
a) Block Modelling: 
In this step the true complex geometry will be approximated by 
a number of blocks, each block being represented by one of standard 
finite elements as shown in Figure (3.10a). 
b- Block Transformation: 
Each block will be transformed into a uniform one in the local 
intrinsic space, using the isoparametric transformation and shape 
functions. For example, any quadrilateral block can be transformed to 
a uniform square in the (C-n) plane as shown in figure (3.10b) 
using the following equations: 
x=ý xi Ni ( ý, n) 
Y =ý Yj Ni ( ýýn 
where; xi, yi are the cartesian coordinates, and Ni is the shape 
function of the i th node. 
c) Block Discretisation: 
The block will be discretised into the required elements in 
intrinsic space Figure (3.10b, c). The compatibility between blocks 
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should be maintained, using the same division at the ccacon boundary. 
For the example of a uniform quadrilateral block, with m divisions 
along the -axis and n divisions along the n-axis, ai ,a2 
........ ,am are the division ratios along thee -axis, ß. ,ß2, 
......... ,ßn are the division ratios along then -axis , and ý1= nj 
=0 
rm 
i. e. r+1 =ii1 i 
/jilaj 
, r= 1,2, ......... ,m 
sn 
ns+1 =i: i8j 
/iiißi 
, s= 1,2, ......... 9n 
d- Transformation of A Block to The Global Space: 
Each generated node is to be transformed back to the original 
global space using the isoparametric transformation. For the above 
example, any general n-node quadrilateral element can be fitted in 
the domain of the generated 4-node simple element. Each fitted 
element can be described as a square of unit side length in its local 
.º intrinsic space (- n), as shown in Figure (3.10d). The intrinsic 
coordinates of the element nodes, with respect to the block (- n), 
will be: 
i=kfNk (0i, ni ) ýk 1 
nc d 
ni=1 Nk (ýi 1ni )nk 
k=1 
where no is the number of simple element nodes. 
The mathematical derivation for other types of blocks and 
elements wil be given in Appendix (D). 
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3.9 MESH PLOTTING 
The plotting facility is important for any finite element 
package as it can be used in the folowing ways: 
1- To check the mesh generation of the structure. 
2- To display the results of the analysis. 
Me mesh plotter uses the basic GINO-F subroutines only for pen 
movement and character plotting, whilst all other subroutines have 
been generated in this work. 
The Facilities of The Mesh Plotter: 
1- Plotting two and three dimensional structures. 
2- Plotting of rotated structure. 
3- Plotting of nodal numbers if required. 
4- Arbitrary magnification of the structure and/or deformation. 
5- Plotting of deformed structure and deformed surfaces in two 
or three dimensions and in different colours. 
6- Plotting of any title. 
7- Plotting of the stress and strain distribution along any 
arbitrary layer of the structure. 
8- Plotting of the cord-load variation in the meridional 
direction. 
9- Plotting of principal stresses and principal srains. 
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10- Plotting of the stress variation along the principal axes of 
the geometry. 
11- Plotting the stress distribution within any portion of the 
cross-section by arrows facility. 
12- Arbitrary selection of device. 
Construction of Plotting Program: 
This is divided into four main sections: 
1- Device nomination; in which the device will be nominated. 
2- Device qualification; which contains the plotting units and 
the paper-dimension subroutines. 
3- Plotting procedure; which contains the subroutines necessary 
for plotting of the required data and results. 
4- Device end; in order to end the plotting. 
The mathematical theory and the program will be given in 
Appendix (E). 
CHAPTER 4 
NONLINEAR FINITE ELEMENT ANALYSIS OF A RADIAL TYRE 
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CHAPTER 4 
NONLINEAR FINITE EL. EI Nr ANALYSIS OF A RADIAL TYRE 
4.1 INTRODUCTION : 
The pneumatic tyre is considered as a highly nonlinear composite 
structure. The main sources of nonlinearity are: 
1- Material properties. 
2- Large deflection of the tyre. 
The equilibrium equations governing the tyre take the form of 
six, second order, partial differential equations. These equations 
can be solved numerically by the Newton-Raphson iteration technique. 
The large deflection and material nonlinearity, will be treated, 
here, for both symmetric and asymmetric loading. 
4.2 ANALYSIS OF MATERIAL NONLINFARITY: 
The stress-strain relationship of the rubber is not linear. 
From the minimum total potential energy theorem: 
AX=nU-AW=0 
it can be deduced that: 
5ff sTQ dv -F=0 
which is valid for any material. For a nonlinear material, the 
stress vector v is a nonlinear function of the nodal displacement _6 , 
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i. e. Q=Q (S ) 
Hence, if the value of s, ' is taken to be linear as a first 
approximation, there will then be a residual force R0: 
Ro = rrr BTQ (S ) dv -F 
The corresponding displacement (Aso ) is due to the residual 
o. 
and, 
61=So +Ail 
From the Taylor series: 
äcy 
it can be proved that : 
. 
fr! BT (äs- ) dv oa =F-5.15 BT Q (ao ) dv 
The Newton-Raphson, or the modified Newton-Raphson, Figure 
4.1(a, b) can be used as follows: 
1- Solve the equation: 
K 60 =Fo 
linearly to obtain 60. 
2- From So, the residual Ro can be calculated. 
3- Solve the equation: 
K1R =AS - -o -o 
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to obtain the increment displacement corresponding to Ro 
4- Update the stresses and strains as follows: 
Ae =B MS 
ei+1=Ei+p Ei 
OQ; =DAci 
at+1=of+0Qi 
5- The residual forces at the end of each step i may be calculated as 
follows: 
a- From the stresses and strains at this step, the equivalent 
stress and strain ( Q' , c' ) will be calculated as 
[59]: 
= 
12 [ (a - cry )2 +y QZ 
2+ (QZ - ax 
2 
Q2 
2 2 
+6 T+TyZ+TZX ) 
Eý 
2(1*v 
(ems - ey )2 + (ey - EZ )2 + (eL - EX 
2 
+( y2 + y2 + y2 
XY yZ 
b- From 
, 
the uniaxial stress-strain curve, find a1 corresponding 
to C 
c- Calculate :Aa= a' -a1 
d- The residual R will be : 
R=I $5f BTTQ dv 
element -- 
6- The above sequence is repeated from step 3 until a reasonable 
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error is achieved , where ; 
Error = RT R/ FT F 
4.3 ANALYSIS OF LARGE DEFORMATION FOR AXISYMMEI"tiIC LOADING: 
For the case of pneumatic tyres, the assumption that both 
displacement and strains are small, together with the associated 
assumptions that the geometry of the element remains unchanged during 
the loading process, and that only the first order linear terms of 
strains need be considered, is found to be incorrect even though the 
real strains may be small and elastic limits not exceeded. 
For accurate determination of displacements, stresses and 
strains, the geometrical nonlinearity should be considered. 
A Lagrangian approach [74], in which displacements are referred 
to the original configuration is adopted throughout this work. This 
approach is accurate only for the case of deflectIons which are not 
very large. To improve upon the above limitation, the incremental 
value of the inflation pressure is used, and the coordinates of the 
nodes will be updated after each pressure increment. An alternative 
approach would be to use the Eulerian. 
Finite Element Formulation: 
The strain-displacement relationships have been derived as 
explained in Appendix (G), and the final equations can be 
represented by the following formulae: 
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2 
Cr =B+2[ dar) 
är 2 dar rý 2ý 
av +l au 2 
Eý = äZ 2< <äZý 
Ee=r +2[ tr) 
+ ýäZý2+ (aw 
- t. 
au + aV +F au au + aV aV aw aw Yrz z ar 3z 3r 3z r+ az 
dar 
r 
_aww +u 
3w 
_w 'r6 rrL. rý3r rý 
Y 
aw+ uaw 
3z ýz r Bz 
which include both linear and nonlinear terms. 
Whether the displacements are large or small, the equilibrium 
conditions between the internal and external forces must be satisfied 
The necessary equilibrium equation, using the virtual work principle, 
is : 
AX=A U- A W= 0 
in which, 
tW=, & 6TF 
AU=f 5f eTa dv 
and the strain vector c may be partitioned as follows: 
eL+ e: NL where; 
CL = strains due to linear terms 
strains due to nonlinear terms. NL ' 
using the strain-displacement relationships; it can be deduced that: 
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A E=BLS 
of=c + NL )A5 
where : 
A EL = ýoS , and 
o =Bos -SNL 
Hence, it can be shown in a similar way to that explained in 
Section ( 4.2 ), that the general equilibrium equation will be: 
I JJJBTQdv-F=0 
or; Z iff (+ -gNL 
)Ta dv -F=0 
If B is increased to (B+AB) 
and, QtoQ+ta 
Substituting in the above equilibrium equation and then in the 
minimum potential energy equation we obtain: 
555 (B+AB )T (Q+Aa) dv-F=0 
i. e. B 
Neglecting the second order term ( AB &Q ), it can be proved that: 
BTAQ=ABT. A 
Hence, the equilibrium equation will be : 
Ifs (BT Q+2ABT a )äv-F=0 
555 BTQdv =f5fBTDBdv 
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=fJf (+ L )TD (Bh+B, L ) dv 
fff( ýjRlk +ýjE-%L+-ýNjEk 
+jB )dv 
_4+ K NL 
and, 5f5 2 ABT Q dv =K Q 
i. e. (Ký+K +K )6 -F=0 
where; 
=5f5N, TD dv 
is the linear stiffness matrix. 
KNL = ffJ( hTns +g 
TDB+g TDNL ) dv 
is the nonlinear stiffness matrix 
KKa=$11GTMGdv 
is the stress matrix. 
and, 
K, _KL +ENL +E a 
is the total stiffness matrix. 
The Bh matrix, is the linear part of the strain-displacement 
relationships as was explained in Section ( 3.2 ). 
The nonlinear part of the strain vector c, L can be expressed in 
terms of displacement components as follows: 
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3r Dr Dr r 
au 2 aV 2 aw 2 
(az) + (z) + (T-Z) 
(r) 
2 
(2 au au +2 av av +2 aw (3"' W) Dz 3r az ar 3z ar r 
2u aw_w 
r 
(ar 
r) 
2u aw 
r az 
which can be written in the following form: 
iNL, ='Ae 
where; 
A= 
and, 
r 
a 
?r _ rr 0 0 0 
0 Ö p au Dv aw 
az az DZ 
0 0 0 0 0 r 
au 
Jz 
av 
az z 
r r) 
0 0 u 
r 
0 0 0 
aw w 
ýr) 
0 0 0 0 0 u aw 
r aZ 
Qu av ýaW_Wý a aý aw U} ar ar ýr rz az az r 
using the following expressions: 
u=) ui Ni 
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v= IV i Ni 
w=j wi Ni 
It can be proved that: 
o=G6 
wher; 
N. 
0 0 
ar 
aN 
0 1 0 
ar 
N. N. 
0 0 1-1 ar r 
G= aNi 0 0 
az 
aN 
o aZ 
aN. 
0 0 1 
N. az 
-r o o 
and, }u, v w} 
Hence, it can be shown that: 
NL =kA0 
=kAG 
=tea 
where; 
aL =k 
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Derivation of The Stress Stiffness Matrix: 
From the previous analysis, the stress stiffness matrix is 
defined as follows: 
Ke=JffABT ßdv 
From the partitioning of the B matrix as follows: 
s=BL NL 
it can be deduced that: 
pB= p(BL+BL 
_ABS 
Since, B=AG 
Then, A BT = GTt AT 
Hence, it can be shown that: 
EG =r fJ GTL AT Q dv 
From the definition of A then: 
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Du Du w cr 57 + T rz az T r6 r 
av av ar 3r + Trz az 
aw 
° ( - 
w ) +T aw + T u r ar r rz az re r 
AT Q= CF 
au 
+ T 
au 
-T W z 3z rz r 6z r 
Q 
av 
+ T 
av 
z az rz 3r 
aw o + T aw ( _ 
u +T z 3z rz ar r Az r 
0 + r aw _ ( 
w )+ aw T 8r 
L 
6 fi r r az 
This vector can be written in the form: 
ATa= ME )= MG 6 
where; 
M=ý 
Hence, 
ýr 0 0 Trz 0 0 0 
0 Qr 0 0 Trz 0 0 
0 0 Ur 0 0 Trz Trti. 
Trz 0 0 Qz 0 0 0 
0 Trz 0 0 Qz 0 0 
0 0 Trz 0 0 Qz Tsz 
0 0 Tr,. 0 0 T&. z CIO 
KQ = fff GTMGdv 
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To generate the nonlinear solution using the Lagrangian 
algorithm, the following steps may be followed: 
1- A linear solution is employed, as the first step of the 
c 
approximation to obtain the irltial deformation 6, strain c 
and stress g, as follows: 
. fs1' , 
naýavý=F 
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-=D-0 
2- Calculate the residual forces Ro : 
R=F-+ BNL )T cy dv 
0- 
3- Establish the total stiffness matrix KT 
KT=KL+KNL +KQ 
4- Calculate the second approximation: 
xre 6 =R 
AL= IA 6 
Ag- =DA 
5- Update the results as follows: 
.1 =-o +AI 
F1 .E0+ -e 
Q1=-+OQ 
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6- Repeat the steps from 2 to 5 until the error is found to be 
within some appropriate range, where: 
Error = RT R /FT F 
4.4 ANALYSIS OF LARGE DEFORMATION WITH PAL LOADING: 
The analysis here will be an extension to that of Section 
(3.2.2), to include the nonlinear terms of the strain-displacement 
relationships. The component of the nonlinear strain vector (C L ), 
which is derived in Appendix (G), can be defined as: 
(2U) 
2W2 
-+ (DV) 
2+(; 
W 
ar Dr ý7r r) 
£Z =2 [(äZ) 
22 
+ ßäz 
2+ 
(äz) 1 
2 ce=2[r äe + (r 1 äeß 2+ (1 a+ rý 2 
au aU 
+ 
aV aV 
+ 
aW 
(aw _ 
H) 
zr az ar az ar Dz 3r r 
' au 1 au + av 1 av aw W)(1 aw re - ar r ae ar r a6 + dar - rr a6 +r 
1 aU aU 
+1 
ay ay 
+1 
aw U aw Yez 'r 36 az rU -az ýr ae + rý az 
using a Fourier series expansion: 
I of 
u=u cosn4+u sin r3 
1 11 
v=v cos n. +v sinn. 
I it 
w= w sinn&-w cos n9 
and the strain-displacement relationships following the same 
procedure as that employed in ( 4.3 ): 
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£: 
-NL=' 
A0 
=' (Aý +A)( Oý+ 
Ö ý) 
KT =KL+KNL+KQ 
where; 
,= 
jj1'[ 
, 
TD TD TD I dv 
= fff[hTDAG+GTATDBý+GTATDAG 
] dv 
_1 +2 +K NL 
where; 
KNL1 =fff&, 
T DAG dv 
=ff! (Bý, 
ý+B )TD(AI+A )(Gý+Gý )dv 
-. ff. f 
(1+.. )T D( AA Gý G' + A' G" h Bý +A G 
+A1G1 ) dv 
=JJJ (BL'T + Bý 
T )( D A' G' +D A' G 
+DAo GI +DAI 
IGf ) dv 
-Ill 
( 'T DAtG+ 'T DAG ei + 
'T 
D 
:' Bý Bý Bý AG 
+Bý DA +k DA G +k D AG 
+1-: 
TDA"2' 
+ýL"TDA1G1 ) dv 
=o 
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Similarly; 
ENL2 =0 
and ; 
KNL 3= fff [ G'T + G'T ][ A'T + A'T ID[ A' + A' I 
[G +G ] dv 
'T "T 'T 'T ''' 
=511 
[G +C J[ A +A ]D[AG +A G 
+ Aý Gý + A' 
G" ) dv 
=fff IG 
'T 
+ 
d'T A'T + A"T D A' G' +D A' G" JV Jý 
It t to it 
+DA G +DA G] dv 
=$$f [ G'T + G"T ][ AD A'T D A' G' +A D A'T D A' G" 
A' TDA'G' +A'TDA' G" 
+A DA G +A DA G +A DA G 
A'TDAýGý j dv 
=SJJ 
[G ,TA DA 'T D AI G. + G'T A'T DA AI G 
11 
G'T A'T D A" G' + G'T A'T D A" G" 
+G'TA'TDA' G' +G'TA'TDA' 
G" 
+ G' A D+ A DA G 
'T 'T '' "T 'T ' 
+G A DA G +G A DA G 
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G" TA tT D ý' G+ G"T A 'T D ý' Gii + 
+GADAG+GADAG 
It II 11 1 tl tl 11 
+GTATDA G +GTATDA"G I dv 
'T 'T '' "T "T 
= Jfr [cA DA G +G A DA GI dv 
-! ý1Lsy+! NLasy 
where: 
K 
sym = 
ff f G'T A'T D A' GI dv 
is the nonlinear stiffness matrix corresponding to the first part of 
the Fourier expansion. 
Due to the symmetry of the external load along the plane( cp= 0), 
as explained previously, the asymmetric part of the Fourier expansion 
will vanish [571. 
The derivation of the stiffness matrices and the explicit form 
of the stiffness matrices, will be given in Appendix (F). 
4.5 APPLICATION TO ONLINEAR ANALYSIS OF TYRE: 
For the case of pneumatic tyres, the nonlinear solution can be 
obtained by a combination of the analysis of nonlinear material and 
the analysis of large deformations. 
Nonlinear iterations can be achieved by employing any one of the 
following procedures: 
a- The Newton-Raphson iteration scheme which requires the 
updating of the stiffness matrix at each iteration. This 
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scheme may converge within a small number of iterations. 
b- The modified Newton-Raphson scheme, which keeps the same 
stiffness matrix throughout the iterations but may require 
more iterations for convergence than would the basic Newton- 
Raphson scheme. 
c- A slight modification to the Newton-Raphson iteration 
procdure by taking: 
KT - EL + KQ 
was tested in the present work and was proved to give results 
of the same order of accuracy as those obtained by using the 
Newton-Raphson scheme, as will be shown later. It has also 
been found that this modified approach has saved computer CPU 
time for the same accuracy as compared with approaches (a) 
and (b). It was also found to produce convergence whenever 
the Newton-Raphson procedure failed. 
An illustration of the above three methiods is shown in Figures 
4.1, a, b, c respectively. 
CHAPTER 5 
VISCOELASTIC STRESS ANALYSIS 
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CHAPTER 5 
VISCOELASTIC STRESS ANALYSIS 
5.1 INTRODUCTION: 
For a long time the mechanics of deformable bodies has been 
based upon Hooke's law. Most non-metallic engineering materials, 
such as rubber , are not linearly elastic. For the case of elastic 
materials, elastic strains are generated instantaneously for any 
applied load, and fully recovered upon the removal of the load. For 
most non-metallic materials, the stress-strain behaviour is time 
dependent, and is influenced by the so-called viscous effect. 
Some Observed Phenomena: 
1- Creep: this is the change of strain with time as the stress 
is kept constant. 
2- Recovery: this is the reduction of strain with time as the 
stress is reduced ( either partially or completely ). 
3- Relaxation: the decrease of stress with time as the strain is 
kept constant. 
4- Rate effect: the stress-strain response as the stress rate or 
strain rate is increased. 
These phenomena are demonstrated in Figure( 5.1 ). 
5.2 MECHANICAL REPRESENTATION OF VISCOELASTIC BEHAVIOUR: 
In the pneumatic tyre the use of a time dependent material, such 
as rubber, will add another variable, i. e. time, to the conventional 
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elastic solution. Viscous behaviour can be described by a dashpot 
which contains a perfectly viscous fluid. For such a case, the 
extension (d) is described as proportional to the applied load( F) 
by the equation: 
F=nd 
where; 
d is the rate of extension ( 5-t), 
and, n is the damping coefficient. 
A particular behaviour can be represented by a spring which is 
governed by the equation: 
F=Kö 
where; K is the spring stiffness. 
In general, a viscoelastic material can be represented by 
springs and dashpots arranged in different forms, using the 
generalised Maxwell model, the generalised Kelvin model or a 
combination of both [46] as shown in Figure ( 5.2 ). In this case, 
if the total stress and strain history is known at an instant of time 
(t), then it is possible to proceed by an infinitesimal increment(pt) 
to a new state of stress and strain as will be explained in Section 
( 5.3 ). 
5.3 VISCOELASTIC STRESS ANALYSIS: 
The static analysis of the viscoelastic behaviour of a pneumatic 
tyre will be carried out based on the hereditary integral form. This 
approach is very accurate, and the stress can be determined as a 
function of the strain and the past history of the stress as 
explained in Chapter 3. 
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The stress-strain : onstitutive equation, in the hereditary 
integral form, may be represented by the following equation [46 ]: 
co 
Bid (t) -of ekl (t-s) dCijkl(s) 
where: 
( 5.1 ) 
°ij(t) , Ekl(t) are the stress and strain tensors at a time (t), 
Cijkl is the elastic properties during the time interval (s). 
Equation ( 5.1 ) can be rewritten in the following form : 
iý(t) = Cijkl(0) ea(t) +01 (t-s) 
--askl 
ds (5.2 
Assuming tr - t-s, and integrating ( 5.2 ) by parts, the above 
integral equation will be : 
aEýTý dT ( 5.3 ) 0ij (T) -Ci jkl(t) Elcl(0) +o* Ci jkl (t-T) dý 
In this equation, the current stress is determined by the super- 
position of the responses to the complete spectrum of increments of 
strain. 
The elastic properties of the material can be expressed in an 
exponential form, using any of the models mentioned in Section (5.2). 
For the analysis of relaxation, the tyre will be represented by 
springs and dashpots, as shown in Figure ( 5.3 ), and the elastic 
properties will be : 
0 Nn t/an 5 ýi1kl - C1 <1 +n=1 iJ 
(. 4) 
in which ä is a positive time constant and is equal to: 
Ana n/En 
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where : 
'In is the damping coefficient and , 
En is Young's modulus. 
From Equation ( 5.4 it can be deduced that: 
n 
dCi j1 (t) 
Ci jkl _t/xn e dt n=1 
(5.5) 
Substituting Equations 5.4,5.5, into 5.2, it can be shown that: 
N 
ci j (t) _ Cijkl 
n=lCijkl 
Jtkl(t) 
n 
ýoftCkl(T) 
e(t-T)/Xn ( 5.6 
n-1 
Changing the time by an increment At, then the corresponding 
stress A Qij will be : 
AQij(t) = Qij(t) - Qii(t - At) 
where: 
aj (t - pt) = CFO' (t - pt) +TC; ý(t - pt) and 
n=1 
(t - pt) = CIij 
if 
ekl(t - pt) , 
Qi j(t - At) - Cijkl c1(t - At) 
n 
-C i t- 
ft 
e(T 
of -T_)/x nd t 0 
From Equation ( 5.6 ): 
n 
n -c 
llij (t) - Ci. Jk1E kl(t) + 
t(T) 
e-(t T)/a dT 
n n 
Ci jk1E fi(t) + -C 
t-ßt (T) '(t- T)/ý dT 
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n 
-Ciikl Je 
1 T) e 
(t- T) / xn dT 
an tatk 
Hence, it can be shown that; 
jC kl(t) + is(t) = Cjn 
41 tý 
Et 
('C) e(t''ýt-T) 
ACST 
neo kl 
nn 
d -r ( 5.7 E kl ( Te 
) 
An t-Ct 
Defining the strain incrementAE, such that: 
ekl (t) =ekl (t - At) + Ae (t) ( 5.8 ) 
and substituting into ( 5.7 ), then: 
n n 
ij(t) jklckl(t -pt) + CijklAckl(t) 
_n 
- ept/`n*C-i W- f 
t-At 
(T) e(t=T)/andtr 
ono kl nn 
: IJkl fe kl (r) e 
(t- i/ dT 
a t-pt 
nn 
e 
t/ Cijklckl(t -pt) - ept/A Cijklekl(t -pt) 
+ Ci jkl c kl(t- A t) + Ci jkl p£ kl (t ) 
t- t 
i1t/Pof e (t- T) dT 
n An 
-C 
n 
nt-fl t 
=e 
t/ýnoi (t -pt) 
+ Ci jn kl c k1(t -'& t) [1-e 
tý ýn 
Cijk11ckl(t) 
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Cn t -(t-T)/an 1It kl( 1) ed -r ( 5.9 
Assuming a linear variation of strain during the time intervalat , it 
can be shown that: 
e fi (t) = ekl (t - 0t) + 
t-( --t "-ý)E- (t ) ( 5.10 ) 
The integration of each part of Equation ( 5.9 ) using equation 
( 5.10 ) can be carried out as follows: 
aft kl(T) e 
(t T)/ dT =fe kl(t-pt) tý t At 
+ At Ekl(t) ed T 
and; 
t 
_I kl(t-A 
t)e(t- I/ d t-t t ýe kle d T( 
5.11 ) - 
t-At t-Qtyt 
b- fe kl(t-ot) e-(t-Ot)/an t- 
t 
dT = Ek1(t-At) an e(t-T) 
/a n 
n t-et at/)` 
=E kl (t-At) an 
[1- 6 
( 5.12 ) 
c- $t (T=ö t t- )o ekl(t) e-(t-Tr)/an dT t- 
=De (t) rý 
T-t+ 
e-(t-T)/Xn d(T-t) kl t- 
, 6t 
Tt 
( 5.13 ) 
Defining :s=T-t 
n 
ds - --L dT 
. e. 
t±D t -(t-T)/an ° an i. e. ý t- )Ack1(t) e dT=Ae fi(t) anJ (s et + VeS. ds 
t- °r -et/a" 
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as] =pe fi(t) an[l 
Oft 
s es ds + 
.(gn _pt/ýA -pt/A no 
=pe fi(t) a 
n[ It (s-1) e S+es ] 
-At/an 
-Ac fi(t) An[ (1 p t) 
(p 
t 
(-ý-n - 1) + 
e At/ 41 
=0e (t)an [ 1-i- ((-1-fin )e&/fin kl At ttl nA t At, e)] 
nn 
=DE (t) xn[1 -0 (1 -e 
ýýý )] 
( 5.14) 
Substitute 5.12,5.14 into 5.11 to obtain: 
jtc kl(T)e 
n 
dT -c kl(t-at) an[1_ 
in 
tot 
nn 
+Ae kl(t) an 1 -ý t (1-e 
ýtýý ) 
( 5.15 ) 
Also, the stress increment pQ is(t) can be determined from the 
following: 
Au j J(t) 
: ijt-Q°i jt-t+ 
istN 
-C pe (t) +S tQn (t) ( 5.16 ) ijkl k1 n=1 ii 
where : 
Q i3(t) Q is(t) -Q i3(t - t) ( 5.17 ) 
Substituting ; Equations 5.9,5.15 into 5.17, the stress increment 
QQ is(t) will be: 
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n 
AQ is(t) _- (1 - e-fit/X )Q 
ii(t 
-A t) 
n 
+ Cijk1E kl(t -t t)[ 1 
+ Cijk1LE kl(t) 
n 
- kitte dT 
t-At n 
_- (1 -e 
x/x )Q i(t -D t) 
n 
+ Cn (t-At 1- t/, ] i jkl c kl 
n 
+ Ci jkl 
AE (t) 
n n 
- -- 
aC ki(t-dt) 
an (1 -e 
ýýý 
C' 'ki n -"t -1fý--Lc k1(t)a 
n[1- 
a At 
(1 e /ý 
n 
(1-e-°t )Qi t -At 
] +Cnn ijk1E kl(t -D t)[ 1-e 
Lt/ý 
n 
+ CijklAc (t) 
n n 
- Cijkle kl(t - t)(1 -°t/ý ) 
n n 
- Cijkllxe (t)[ 1 At 
(1 - e°t/ý )] 
n 
_- (1 - e't/ý )Q i j(t_&) 
n 
+CiAE(t)ýn (1- eat/ý) ( 5.18 ) jk1 At 
Substituting 5.18 into 5.16 ; 
nnn tQ 
i (t) - Ci. k1AE (t) + 
ýCi 
Le kl (t) 
L (1 - 
et/A 
J n=1 jAt 
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4(1-et /Xn )cPij(t-Jt) n=1 
C° +Ic 
ät( 
1-e-fit/fin) ]Ae(t) 
ijkl n=1 ijkl 
- (1 -e 
Ate 
n) 
Or. (t-tt) ( 5.19 ) 
13 n =l 
From Equation 5.19 , the stress increment 
A6 ij at any time (t) 
can be determined from the strain increment A6P; at this time and 
the stress at the previous time (t -A t). 
5.4 SOLUTION AI CORITHM : 
Using the principle of virtual work, the equilibrium equation 
(4.2) at any time (t) can be written in the following form: 
I JJJ BTa (t) dv -F' -(t) = R(t) 
element ext 
( 5.20 ) 
where the stress Q (t), is the stress at any time (t) which can be 
calculated from Equation ( 5.19 ). 
As the stress is time dependent, it will change during the time 
interval (t t). The new stress will not satisfy the complete 
equilibrium of forces, which must vanish at the end of the time 
increment. 
Using the finite element procedure, the change of stress wil be 
converted to nodal forces, in which the residual forces R(t) can be 
obtained, using Equation ( 5.20 ). 
The material properties considered are those at the instant at 
which the analysis is to be carried out. The analysis is purely 
elastic, the resulting stresses are superimposed upon the residual 
distribution that existed at the time of this relaxation. A new 
stress state will be used for the next interval of time. 
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# Algorithm Iteration Steps: 
The modified Newton-Raphson technique will be used as an 
iterative approach as follows : 
1- The relaxation time will be divided into time increments(ot). 
2- For each time interval, solve the linear equation: 
Wi(t) d 0(t) - t(t) 
where: 
KO(t) is the stiffness matrix at time (t). 
Fext(t) is the external applied load. 
For the i th time increment: 
3- Calculate the residual force P. (t) using E;; uation! (5,20) . 
4- For iteration ( r+1 ), the residual force can be calculated 
using the equation: 
Ri +1 =: i+ Ki di 
5- Update the displacement, strain and stress for each step of 
the iteration. 
6- Repeat the iteration steps ( 3-5 ), until the ratio (SST VA6. 
) L 
is equal to, or less than, a permissible error. 
.Q (i+1) 
7- Repeat the steps ( 1-6 ) until the ratio --Q (i) 
is within 
a certain accuracy. 
CHAPTER 6 
LINEAR AND NONLINEAR DYNAMIC ANALYSIS OF RADIAL TYRES 
75 
r ,& TM. 0 
LINEAR AND NONLINEAR DYNAMIC ANALYSIS 
OF RADIAL TYRES 
6.1 INTRODUCTION: 
The dynamic analysis will be based upon the energy approach. In 
this approach, it is assumed that the total energy, which includes; 
the strain energy U, the kinetic energy KE, dissipation energy DE, 
and the potential energy V, is kept constant. 
According to the above principle : 
U+ KE + DE +V= constant ( 6.1 ) 
a- The strain energy U is defined-as: 
U= / 6TK 6 (6.2 ) 
where K is the stiffness matrix, explained in detail for both linear 
and nonlinear analysis in Chapters 3,4. 
b- The kinetic energy KE, is defined as : 
KE=ý ff M; 
where: 
ä 
M is the mass matrix. 
( 6.3 ) 
c- The dissipation energy DE is equal to : 
76 
DE =' 6TC S 
where: 
C is the damping matrix. 
d- Me potential energy V is defined as: 
V=-6TF 
(6.4) 
( 6.5 ) 
From Equations ( 6.2 - 6.5 ) it can be seen that these types of 
energy, are functions of the displacement (6). 
Hence; according to the energy approach : 
au + axE + aDE + aäa v _o ää ?s as 
i. e. KS+M6+Cd-F=0 
or Mdý+Cd+K6-F=0 ( 6.6 ) 
The derivation of KE, DE and V is explained in detail in 
Reference [ 59 1. 
If the external forces F and the damping, are neglected, 
Equation ( 6.6 ) will become: 
M Sý +6=0 (6.7 ) 
in which the characteristics of the structure represented by the 
vibration of natural modes can be determined. 
In a natural mode, each point of the structure excutes harmonic 
motions about the position of static equilibrium at the same 
frequency. Hence, the vector of nodal displacement 6 (t) can be 
represented by : 
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6 (t) =6 coswt 
Substituting Equation ( 6.8 ) into Equation ( 6.7 ): 
('-M W+K )d =0 
or; (K-a M )d =0 
where; X_ W2 
Equation (6.9) has a nontrivial solution if: 
K-a MI=0 
( 6.8 ) 
( 6.9 ) 
The roots of x are called the eigenvalues, and for each 
there will be a corresponding vector 6i such that : 
(K -ýi M) ai =0(6.10 ) 
and Si is known as the eigenvector. 
As was mentioned in Chapter 2, the tyre response can be 
predicted, if the natural frequency and mode shape are defined [33]. 
In this chapter, the analysis of natural frequency and mode 
shapes will be carried out as a first step for the analysis of the 
steady state and transient response. 
6.2 DERIVATION OF STIFFNESS AND MASS MATRICES: 
It is clear from Equation ( 6.10 ) that the first step of the 
analysis is to derive the stiffness matrix K and the mass matrix M. 
The stiffness matrix used in the analysis can be either that 
derived for the linear solution in Chapter 3, or that for the 
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nonlinear analysis given in Chapter 4. 
The consistent mass matrix M for the three-dimensional axi- 
symmetric element, used in this analysis, can be derived as follows: 
a- Define the nodal displacement and nodal velocities as: 
ö={ ui vi 
ö={ ui vi 
b- Express the velocit: 
velocities and shape 
u=E ti Ni 
wi } 
wi } 
r vector at any point in terms of nodal 
functions: 
v=E vi Ni 
w=E Wi Ni 
where; Ni is the shape function. 
Defining the velocity q at any point as: 
4 ={ uvw13 
it can be deduced that : 
q=Nd 
where: 
Ni 00 
N=I0 Ni O 
00 Ni 
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c- The kinetic energy of the element can be expressed as follows: 
"T " KE 
element =Jq4 
dm 
_ l. f. f P ;; T 4 dv 
where, p is the mass density. 
d- From the definition of the element mass matrix Me ; 
KE ) 
element - 
aT Me 
it can be proved that the element mass matrix is as follows: 
Me= fff pNT Ndv 
The consistent mass matrix for the whole structure can be 
assembled from element mass matrices in a way similar to that 
employed for the structure stiffness matrix. 
6.3 DYNAMIC EIGE[WALUE PROBLEM: 
The dynamic eigenvalue problem can be solved by means of 
different algorithms. The simple iteration solver, the most popular 
technique, is developed here. The basic disadvantage of the simple 
iteration solver is the large CPU time consumed, particularly when 
used for large structures such as tyres. For this reason, some of 
the economical solvers such as dynamic condensation, subspace 
iteration and the double economiser are derived here using a frontal 
solver. 
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6.3.1 Simple Iteration Algorithm : 
Equation ( 6.9 ) can be written in the form: 
1 
M d=ý K cc 
Multiplying both sides by K 
1, the equation can be expressed as: 
Qa =ý i6 
where; 
Q=K1M 
( 6.11 ) 
To solve equation ( 6.11 ) for the eigenvalues and the 
corresponding eigenvectors, the following steps may be taken: 
i) Iteration for the lowest eigenvalue: 
The following steps will be carried out to determine the lowest 
eigenvalue: 
a- Assume an eigenvector 
b- Calculate the vector Y such that: 
Y=g a 
c- Calculate the eigenvalue A and the corresponding eigenvector 
using the equations: 
x= YT Y/ YT QY9 
6 =Y/ YTMY 
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d- If (X 
new -X old 
will be repeated. 
ii) Sweeping for Xi 
a permissible error, the steps ( b-d ) 
From the orthogonality of eigenvectors, it can be proved that: 
i 
Qý+1 asa 
will converge to X J+1 
Reference [ 59 1, where; 
T 
-q. +1 = 
g. 
i -xj 
di . dý M 
A<x<x 
123 """ 
6.3.2 Dynamic Condensation: 
The idea of dynamic condensation is based upon dividing the 
nodal displacements into two groups: 
a- The first group is known as the Master group and will be 
denoted by &. 
b- The second group is known as the Slave group, and is dnoted 
by 's. 
It is assumed that the Slaves minimise the strain energy 
regardless of the effect on the kinetic energy, and hence that they 
can be eliminated from the equations as shown below. 
Partitioning the nodal displacement vector; 
6 ={ 6m 6s I 
the corresponding partitioned stiffness and mass matrices will be as 
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follows: 
K K 
- -mm - ies 
K= , 
-Sm K I ss 4.1 
-m -ms 
M= 
mm -ss 
Hence, the strain energy will be: 
Kmm Kms 6m 1 
u=k{ 6m aS 
Ksm K 
mm J 
[6Sj 
dm 6s } Kmmam +-ns% 
Ksmam + Kss6s 
am Kmmam 
in 
Kmsas +6s Ksmam +as ss 6s 
Similarly; the kinetic energy is: 
TTT KE=' [ im rmm Sm+6m-%sas+dsMsm6m+ 6 Mss6s 1 
Since the slaves minimise the strain energy; 
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a 
then; u as=0 
TT 
and; 6mKms6 s -6s 
Ksmam 
Hence: 
k KSM6 ] =0 
i. e. KSS 6S=- Ksm6 m9 
ss 
-Kss -sm 
am 
Differentiating with respect to time, 
_1 " 
ds KssKsmam 
eliminating 
ds 
9Ss from U9 KE equations; 
ii 
U=[ öKd- dT 
T 
KKKd-dKKK 
sm -mm mm ms ss sm mm -ms ss sm 
dm 
i 
+ inT -Kms 
-ss -Smdm 
6T = dmK 
where; 
K=Kmm 
-Kms-ss-Sm 
Similarly; the kinetic energy: 
KE=' 
mM 
Im 
where; 
M= Mmm Mms Kss Ksm Kms 
-K_ ss 
Msm + 
-K 
K 
-ss 
Mss 
-ss -sm 
ö4 
K, M are the condensed stiffness and mass matrices, which can 
be solved by the simple iteration algorithm. 
6.3.3 Subspace Iteration: 
Subspace iteration is a very accurate and economical tool for 
determining the eignvalues of a structure such as a tyre where the 
stiffness and mass matrices are of a large order, and when only a few 
eigenvalues are required. 
The idea behind subspace iteration is that the stiffness and 
mass matrices can be reduced whilst keeping the lowest eigenvalue. 
The subspace iteration algorithm may be carried out as follows: 
a- Assume a set of loading vectors Yi ,1=1,2,...., p 
where; p is the required number of eigenvalues. 
b- Solve the equation: 
K, = Xr ,r=1,2,......, P 
The solution of the above system of equations can be carried 
out efficiently by employing a frontal solver. 
c- Form the following matrix: 
g=[6i 62 ...... 6 P] 
d- The reduced stiffness and mass matrices Ks , M. can be 
obtained as follows: 
K =QTKR 
r=ýTM2 
e- Using the simple iteration solver, the subspace eigenvalues 
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can be obtained. 
Ks ds a Ms as 
f- Form the matrix QS such that: 
Q =[ sl 62 .... Sp Is 
g- Transform back to the original space, using the relationship: 
new - -%1d *4 
and the corresponding new load vector: 
Ynew = 11 Anew 
h- Calculate the maximum error; 
Error = max (I A anew /old 
I)91=1,2,....., 
p 
If the maximum error is greater than a given permissible error, 
then steps ( b-h ) will be repeated until it is smaller. 
6.3.4 Double Economiser: 
The principle of the double economizer is to combine the 
improvement given by the two previous economical solvers as follows: 
a- As the lowest eigenvalue will correspond to the minimum value 
of ( Kii / Mii ), then dynamic condensation will be used to 
reduce the stiffness and mass matrices to Kc, as explained 
in Section ( 6.3.2 ). 
b- The subspace iteration technique will be used to solve for 
the eigenvalues using Kc , Mc instead of the total stiffness 
and mass matrices (K, M) as explained in Section( 6.3.3 ). 
CHAPTER 7 
FINITE ELEMENT PROGRAMMING 
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CHAPTER 7 
FINITE ELEME247 PROGRAMMING 
7.1 INTRODUCTION : 
The finite element package developed for the static and dynamic 
analysis of radial tyres, is reviewed here. The basic facilities of 
the package are summarised as follows: 
1- A full three-dimensional, linear and nonlinear static 
analysis of radial tyres, using the axisymmetric-solid-of- 
revolution element. 
2- A nonlinear static analysis which takes the material non- 
linearity and large deflection into consideration. 
3- A nonlinear analysis based on the viscoelastic behaviour of 
rubber. 
4- Linear and nonlinear dynamic analysis of radial tyres for 
calculation of the eigenvalues and the corresponding natural 
mode shapes. 
5- A powerful mesh generator used for the automatic 
discretisation of the cross-section. 
6- A plotter for graphical output results. 
7- In addition to the axisymmetric-solid-of-revolution elements 
the package contains other types of elements; viz. two- 
dimensional plane stress/strain elements, Ahmad's element 
and facet shell elements, that can be employed for different 
modelling of structures. 
The iteration procedures employed for the nonlinear analysis can 
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be any of the following approaches: 
1- The incremental approach. 
2- The Newton-Raphson technique ( NR ). 
3- The modified Newton-Raphson technique ( MNR ). 
4- Another approach, which is developed in this work, under the 
name of developed Newton-Raphson technique ( DNR ). 
This fourth approach was tested and although the given results 
were the same as those given by the ( NR ) technique, the new 
technique may . be more suitable 
for a complex composite structure, 
such as a tyre, where the Newton-Raphson solution may diverge. 
In all of the above types of iterative technique, the analysis 
is based upon the Lagrangian approach, with increment load and 
updating of the coordinates after each load increment. 
For the viscoelastic behaviour, the analysis is carried out 
based upon the relaxation phenomenon, using the modified 
Newton-Raphson iteration technique. 
A schematic drawing of the package structure is shown in Figure 
( 7.1 ). 
7.2 PREPROCESSING MODULES: 
This part of the package is used for the preparation of the data 
necessary for the analysis to be carried out. It can be divided into 
two parts, as shown in Figure ( 7.2 ). 
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7.2.1 The Data Module: 
The data module reads the necessary data required to define the 
problem. It includes: 
a) Geometrical Data: 
'These are the minimum data by which the geometry of the 
structure can be specified for the automatic mesh generator to be 
used . 
The geometry of the structure can be completely defined by the 
following three sets of information: 
(i) Specification of The Coordinates of Each Nodal Point: 
The total number of the nodal points, the number of degrees of 
freedom for each node and the coordinates of each nodal point with 
reference to a global coordinate system must be specified. 
(ii) Specification of Block Connections: 
The structure is discretised into blocks, the number of blocks 
and type and topology array of each block must be defined. 
(iii) Specification of Block Divisions: 
The number of divisions for each block in two different 
directions and the type of the required elements must be specified 
for each block. 
b) Material Properties: 
Each different material should be allocated an identification 
number and the properties related to this material will be stored in 
an array. Each block is associated with a particular material type 
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(1 for isotropic ,2 for orthotropic ). Each layer of the 
reinforced composite structure is specified by a certain number 
within the orthotropic section. 
The properties of each material are completely defined in terms 
of the Young's modulus, the shear modulus and Poisson's ratio in the 
principal directions of each reinforced layer, as well as by the mass 
density of the material, the angle of inclination of the reinforced 
cords with respect to the axes of the geometry of the structure, and 
the damping coefficient of the material. 
c) Boundary Conditions: 
Having defined the geometry of the structure, it is necessary to 
specify the boundary conditions. For the displacement approach, the 
boundary conditions are specified in terms of some prescribed values 
of the relevant degrees of freedom at some nodes. For an 
axisymmetric solid of revolution, the following values may be 
prescribed : 
# Displacement in the r-direction. 
Displacement in the z-direction. 
# Displacement in the p-direction. 
In the boundary condition subroutine, the number of quadrature 
points for the axisymmetric element, and for the one-dimensional 
element for the loading analysis, should be defined. 
d) Loading Conditions: 
These include the inflation pressure, the value of the external 
loads, the area of contact, the number of loaded elements, the number 
of nodes and topology array for each loaded element. 
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e) Control Data: 
The control parameters required as input in order to complete 
the analysis are listed as follows: 
(i) The number of increments of load. 
(ii) 'Ihe number of harmonics for external loads. 
(iii) The maximum permissible error for the iteration. 
(iv) The time step increment for the viscoelastic analysis. 
(v) The number of eigerivalues required. 
In addition to the above control data, there are some control 
parameters related to the output which must be decided upon: 
(i) 16bether the viscoelastic analysis is required or not, and 
(ii) tether the principal stresses/strains are required or not. 
f) Data Checking and Error Diagnostics: 
It is important to inform the user if anything is wrong with his 
data and to provide him with a useful printed message if the program 
is aborted. 
For each of the sections ( a-d ), there are basic steps for 
error diagnosis followed by printed messages for each supposed error. 
g)Gauss Quadrature: 
The function of this subroutine is to set up the sampling point 
positions and weighting factors for numerical integration. This 
subroutine is valid up to 16 quadrature points ( in one-direction ) 
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with single and double precision. 
The data employed by this subroutine are listed in Table( 7.1 ). 
7.2.2 Mesh Generator Module: 
The input data explained in Section ( 7.2.1 ), will be given to 
the mesh generator in which the structure will be discretised into 
the required elements according to the theory with the merits and 
facilities given in Chapter 3. A schematic diagram for this module 
is given in Figure ( 7.3 ). 
7.3 ANALYSIS MODULES: 
7.3.1 Equivalent Nodal Loading Module: 
In the finite element analysis using the displacement approach, 
the only permissible form of loading, is by the specification of 
concentrated loads at the nodal points. Therefore, the inflation 
pressure and the external load, must be replaced by equivalent nodal 
forces. 
For any finite element program based upon the isoparametric 
transformation, the calculation of equivalent nodal forces is 
difficult to perform manually, since surface integration over 
arbitrarily shaped regions is generally involved. Hence, it is 
necessary to include some subroutines with which to perform this 
task. 
As explained in Section ( 3.6 ), the one-dimensional element can 
be used to evaluate the equivalent nodal forces. The required 
subroutines and the sequence of calculation are illustrated in Figure 
( 7.4 ). 
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7.3.2 Element Matrix Generator Module: 
In this module, the element stiffness matrix (K and the 
element mass matrix ( Me ) will be generated as follows: 
a) Tyre Subjected to Inflation Pressure: 
The element stiffness matrix is to be determined according to 
Equation ( 3.1 ) as follows: 
11 f. 
orrB'DB(2 
r 
ELI 
ýýn)dýdr, 
A numerical integration scheme is used to evaluate this 
integral, and Gaussian quadrature has proved to be an efficient 
method which can be adopted as follows: 
NQ NQ 
K_II Wr, 
s2nrBTDB(fir, ns 
) J( ý)I 
r=1 s=1 
The element mass matrix, as defined by Equation ( 6.11 ), can be 
calculated as follows: 
Me= fff P NT N dv 
1,1 2nrp NT N n) J( dC cirl 
0o 
_ Ip WrS(2nr)NTN( fi rs , r1) 
J(L'-Z) 
r=1 s=1 
ý'ý 
where: 
W=WW for quadrilateral elements and, r, s rs 
Wr 
s- 
Wr Ws (1 - ns) for triangular elements , 
N 
e r= ri Ni 
i=1 
r, s are the Gauss quadrature points, 
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Wr , Ws are Gaussian quadrature parameters, and the other 
terms are defined in Sections ( 3.5.1 ), ( 6.2 ). 
The required subroutines and the sequence of calculation are 
given in Figure ( 7.4 ). 
b) Tyre Sub iected to External Load : 
For the case of a tyre externally loaded, the element stiffness 
matrix for each harmonic must be calculated using the explicit form 
shown in Appendix (B) for linear analysis, and the explicit form 
mentioned in Appendix (F) for the nonlinear analysis. 
7.3.3 Linear Static Analysis of Radial Tyre: 
The objective of this section is to formulate, and solve, the 
equilibrium equations: 
Ka =F 
The method adopted for the solution of the above equations is a 
major factor influencing the efficiency of the finite element 
program. 
Several options for the solution of such equations are available 
in the present package ranging from direct Gauss-elimination, and 
Gholeski factorisation solvers, to a sophisticated asymmetric frontal 
solver with dynamic front width. The above solvers can be summarised 
as follows: 
a) Ordinary Solvers: 
The steps shown in Figure ( 7.5 ) for the formulation and 
solution of the above equations using ordinary solvers are summarised 
as follows: 
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(i) Assembler Module: 
In this module the stiffness and mass 
structure are formulated. The concept of 
employed for this formulation as follows: 
iG( IG9JG)-I Ke(IL$JL) 
elements 
ýG (IG I JGG -I Me (IL' JL 
elements 
where: 
matrices of the whole 
topology array can be 
KG MG are the stiffness and mass matrices of the whole 
structure. 
Ke , Me are the element stiffness and mass matrices of the 
element. 
IG = Dof *[ TA ( e, i)-11+r 
JG=Dof *[ TA (e, i ) -1 ]+s 
i, j = 1,2,.... ,n 
r, s = 1,2,.... Dof 
n= number of element nodes. 
(ii) Reducer Module: 
In this module, the equations of the prescribed displacement 
will be eliminated from the equilibrium equations of the structure. 
If some values of the displacement vector are prescribed, the 
displacement vector 6 can rearranged as: 
a= {} 
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where: 
6U is the unknown nodal displacement. 
d is the prescribed nodal displacement, and the correspon- 
ding matrix equations can be partitioned as follows: 
-Ktlu -K-up &u u 
K a - 
- Pu -PP P P 
6 i. e. -Kini-u 
+-w 
-p 
Fu 
PU + pp -ýß -P 
Hence; 
mauFu -ap 
represents the reduced system of equations, and 
FP -+Epp6P 
is the vector of reaction forces. 
(iii) Equation Solver: 
After formulating the reduced stiffness matrix ( Ký ), one of 
the following solvers can be employed: 
Gauss Elimination Solver: 
In this solver, the matrix KR is eliminated to an upper 
triangular matrix, and the resulting equations can be solved by back- 
ward substitution, as shown in Appendix (H). 
.1 
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Choleski Factorisation Solver: 
This solver is more efficient than the Gauss elimination solver 
particularly for the case of multiple loading systems, and can be 
reviewed in Appendix (H). 
b- Economical Solver: 
The time spent on the solution of the stiffness equations of the 
structure, represents a large percentage of the total computation 
time. Therefore the method of solving these equations is very 
crucial. The optimal approach for the solution may produce 
considerable savings in both the computer core storage and the CPU 
time. 
The frontal solver is the most efficient for a complex structure 
such as a tyre, and for use a computer with a virtual memory such as 
the VAX. It was originated by Irons [67], and developed by 
El-Zafrany and Cookson [68], to be suitable for asymmetric matrices. 
The main structure of the frontal solver consists of the three 
parts: 
(i) Initiation: 
In which the element nodes can be eliminated and labelled after 
assembly of their elements. Also, the maximum front width 
is calculated at this stage, and additional boundary condition 
arrays prepared. 
(ii) Assembly and Elimination: 
In which the finite element equations are assembled, reduced and 
eliminated whenever possible. As soon as an equation is 
eliminated it will be stored in the back-up storage and deleted 
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from the dynamic memory matrix ( the frontal matrix ). 
(iii) Solution: 
In this section the finite element equations are solved using 
backward substitution to obtain the nodal displacements. Each 
equation ( begining with the last ) is recalled from the back-up 
storage and only one equation at a time appears in the direct 
access memory. 
Concerning The Frontal Solver: 
# The ordering of elements is crucial while the ordering of nodal 
numbering is irrelevant. This is a completely opposite condition to 
that required for the banded solution, and one that is easier to 
satisfy. 
# Because of the compact nature of the front and because variables 
are eliminated as soon as possible, the total arithmetic operations 
are fewer than for other methods. 
# An elaborate housekeeping system is required for the frontal 
solution. However, since it is performed with integer variables, 
little storage or computer time is used. 
# It is efficient for asymmetric matrices. 
# There is no storing or manipulation of intermediate gaps or zeros 
# It is quicker than other solvers. 
It has a variable front width with random orders. 
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7.3.4 Nonlinear Static Analysis of Radial Tyres: 
A nonlinear solution for the static analysis of a radial tyre 
can be carried out, depending upon the type of nonlinearity, through 
one of the following approaches: 
a) Material Nonlinearity: 
(i) Newton-Raphson technique, where the tangent stiffness 
matrix to the material curve will be considered. 
(ii) Modified Newton-Raphson technique, in which the stiffness 
matrix is kept constant. 
The theoretical analysis for these approaches is explained in 
Chapter 3, and a flow chart for this procedure is shown in 
Figure(7.6). 
b) Large Deflection: 
For large deflections one of the following approaches can be 
used: 
i) The incremental approach, where the inflation pressure is 
divided into small increments and a linear solution, with 
coordinate updating, carried out for each load increment. 
A flow chart for this procedure is shown in Figure ( 7.7 ). 
ii) Iterative approaches; which contain: 
1- The Newton-Raphson technique; where the total stiffness 
matrix will be: 
KT_ 
_Kj, L, 
+ Ka 
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as explained in Chapter 4. 
2- The modified Newton-Raphson technique; where the 
stiffness matrix will be: 
Kr = EL 
3- The developed Newton-Raphson technique; where the 
stiffness matrix will be: 
IL- - +K a 
Schematic flow chart for the above iterative solutions are 
given in Figure ( 7.8 ) for each of these approaches. 
c) Viscoelastic Analysis: 
The present package contains a facility for viscoelastic 
analysis based on the theory explained in Chapter 5. The modified 
Newton-Raphson technique is used for the iteration procedure as shown 
in Figure ( 7.9 ). 
7.3.5 Dynamic Analysis: 
A linear or nonlinear dynamic analysis can be carried out for 
calculating the required eigenvalues, and the corresponding natural 
mode shapes, using the equation: 
K- x 1' ° 
This equation can be solved with the aid of any of the solvers 
explained in Section ( 6.3 ), which include: 
a) The simple iteration technique. 
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b) 'Ihe dynamic condensation technique. 
c) The subspace iteration technique. 
d) The double economiser technique. 
the steps of the above solvers are shown in Figures ( 7.10 , 
7.11 and 7.12 ) for the simple iteration, dynamic condensation and 
subspace iteration respectively. 
7.4 POSTPROCESSING MODULES : 
With regard to the output results, the nodal displacements, the 
reaction, and the stresses and strains are all calculated for the 
static and viscoelastic analysis. the eigenvalues and the natural 
mode shapes are calculated for the dynamic analysis. The output 
results can be presented in any of the following forms: 
a) Tabulated Form: 
In which the output can be given in tables. 
b) Graphical Form: 
Useful graphics can be produced as follows: 
i) After mesh generation, it is worthwhile plotting the mesh 
before any finite element analysis is carried out, in order 
to check nodal coordinate locations, and the aspect ratio 
of the elements which may affect the accuracy of the 
results. 
ii ) Plotting the deformed shape of the structure. 
iii ) Displaying the stress distribution or principal stress 
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vectors. Such plots indicate to the engineer the areas 
where a close examination of the stresses may be 
necessary. 
The basic output modules can be summarised as follows: 
7.4.1 Reaction Module: 
The reaction at the fixed nodes can be calculated using the 
equations: 
--flu 
+ Kpp aP FP 
as explained in Section ( 7.3.3 ). 
7.4.2 Stress and Strain Module: 
Once the nodal displacements have been found, the incremental 
values of the stress and strain can be determined at any point 
( either at the quadrature points or the nodal points ) in the tyre, 
using the equations explained in Section ( 3.5 ). 
Since the six components of stress and strain are defined, other 
forms of stress and strain can be obtained as follows: 
a) Principal Stress/Strain Module: 
For a set of six components of stress (a ), the corresponding 
principal stress components ( Q1 ' c2 , a3 ) and their direction 
cosines can be calculated as follows: 
The equation : 
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a -a xx p 
Q 
YX 
Q 
ZX 
axy CY xz 
Q-QQ 
yy p yz =o 
azy azz - ýp 
represents a cubic equation in a p, and 
from its solution, the 
principal stress values can be determined where: 
a1 a2 °3 
The maximum shear is defined as : 
Tmax. _( 11 - 13 )/2 
Having determined the three principal stress values, a complete 
solution of the problem generally requires the determination of the 
directions in which the principal stresses act. These directions can 
be determined by the direction cosines of the normals as follows: 
If the direction cosines for ap are lp , np , n, ; then: 
a xx- p) lp+ ý, MP + xznp 
xy p( yy p mp 
+ yZ np =0 
xzlp+ Tyzmp+ (QZz Qp) np=0 
the above equations can be written in the following form: 
P 
Txy "yy -p yz =0 
Li Tyz Qzz -n xz Pp 
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the cofactors of the determination of the above matrix will be: 
Qyy - ap Tyz 
a 
T 
yz 
Q-a 
zz 
Txy yz 
b= 
T 
xz 
Q-Q 
zz p 
T' yy p 
C 
z 
yz 
and the direction cosines will be given by: 
1=ak m=bk n=ck 
where: 
k=1/ 
/a2 
+ b2 + C2 
For the principal strains, the same steps can be followed. 
b) Cord Load Module: 
The load in a single cord can be derived by considering the 
stress acting in the direction of the cord in each reinforced layer. 
Applying the transformation equation: 
cl 
=R Q, 
where R is the transformation matrix given in Chapter 3. 
The load Pc in a single cord of area A is: 
CHAPTER 8 
RESULTS AND DISCUSSION 
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RESULT'S AND DISCUSSION 
8.1 PACKAGE VERIFICATION: 
A necessary step to be taken before the present package is used 
for the analysis of radial tyres, is to verify the reliability and 
soundness of each part of the package. This verification has been 
carried out by comparing the results obtained from the present 
package with those obtained from analytical solutions and/or with 
those obtained from other finite element packages. Some of the 
various axisymmetric structural examples, so treated, are described 
below. 
8.1.1 Static Analysis of An Isotropic Structure: 
The static analysis of an isotropic pressurised cylinder, 
carried out with the aid of the the present package, is compared with 
an analytical solution using the following equations [ 59 ]: 
r 
Qr=-p-1- [ 1- ( J)2 
U. 3 
Pi 
+ )2 
(r2 )2 ur = 
rp-- [ (1 - v) + (1 +v 
r E(ý-1) 
with the following hypothetical material properties: 
Young's modulus (E)=1x 104 Kgf / mm2 
Poissons's ratio 15 = 0.3 
ro = 50 mm 
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r. =2.0 mm 1 
A=r0/ri 
and with internal pressure (Pi) = 10 Kgf / mm2 
The initial, as well as the deformed shape, of the cylinder are 
shown in Figure ( 8.1 ). 
The results of the analytical solution and those obtained from 
the package are given in Table ( 8.1 ). 
It is clear that the results obtained with the aid of the 
package correlate well with the analytical solution and that the 
difference between them is within an accepted tolerance. 
8.1.2 Static Analysis of a Composite Structure: 
The static analysis of a composite pressurised cylinder, as 
shown in Figure ( 8.2 ), has been carried out. The outer layer of 
the cylinder is made of a compressible metal with the following 
material properties: 
Young's modulus (E)=1x 104 Kgf / mm2 
Poisson's ratio = 0.3 
Whilst the inner layer is rn ade of rubber with the following material 
properties: 
Young's modulus (E)=0.8 Kgf / mm2 
Poisson's ratio = 0.4995 
Rubber thickness = 15 mm 
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Mooney-Rivlin constants: 
C10 = 0.10667 Kgf / mm2 
C01 = 0.02666 Kgf / mm2 
With internal pressure ( Pi )=0.1 Kgf / mm2 
Outer diameter = 100 mm 
The results obtained with the aid of the present package were 
compared with the results obtained from the finite element package 
MARC and which are shown in Table ( 8.2 ). The deformed shape for 
the composite cylinder is shown in Figure ( 8.2 ). 
The MARC package has three different approaches for the analysis 
of a structure constructed from an incompressible material, and it is 
clear from Table ( 8.2 ), that the results obtained from the present 
package are close to the most accurate results ( those obtained from 
the Mooney-Rivlin approach ) from the MARC package. 
8.1.3 Dynamic Analysis: 
The natural frequency and natural mode shapes of a vibrating 
isotropic cylinder were calculated and compared with the correspond- 
ing results obtained from avaliable codes; PAFEC and ABSEA. 
The natural frequencies are listed in Table ( 8.3 ), while the 
mode shapes are shown in Figures ( 8.3 - 8.7 ). 
For all of the calculated modes of vibration, the results of our 
package were nearly identical with those obtained by both of the 
other packages. 
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8.2 WE CASE STUDY OF THE RADIAL TYRE: 
a) Tyre Specification: 
A 175 HR 14 radial tyre with two steel belt breakers ( 1,2 ), 
and one Nylon breaker was employed as a case study. The following 
types of analysis have been carried out: 
i) The deformed shape for the inflated and externally loaded 
tyre. 
ii) The stresses and strains for the different cases of 
loading. 
iii) The cord loads. 
iv) The viscoelastic effect. 
v) The natural frequency and the corresponding natural mode 
shape. 
Most of the material properties used in this analysis, as well 
as the tyre design, were kindly made available by DUNLOP. The data 
not available from DUNLOP were taken from earlier References [20,27]. 
The tyre structure is shown in Figure (8.8), while the material 
properties are given in Table ( 8.4 ). 
b) Experimental Work: 
An experimental investigation was carried out, using the test 
rig shown in Figure ( 8.9 ), in order to measure the initial and 
inflated shape of the 175 HR 14 radial tyre. 
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The basic component of the test rig are: 
1- 175 HR 14 radial tyre. 
2- D. C. displacement transducer. 
3- Amplifier. 
4- D. C. power supply. 
5- Voltmeter. 
Two displacement transducers of type D2/500A were used to 
measure the deformation in the radial and axial directions. An 
amplifier was used with the transducers as their signals were not 
strong enough to be measured by the voltmeter. 
It was necessary to calibrate both the displacement transducers 
and the voltmeter before carrying out tests. The calibration 
procedure and the instrumentation specifications are given in 
Appendix (I). 
The results of the initial and inflated shape will be shown in 
Figure ( 8.14 ). 
C) Numerical Work: 
Before using the package, the orthotropic constants of the 
reinforced laminate were calculated manually according to the 
analysis given in Section ( 3.3.2 ). The elastic properties of the 
rubber were given by the well-known Mooney-Rivlin equation as 
explained in Section ( 3.3.4 ). The Poisson's ratio was taken as 
0.499 
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The following boundary conditions and assumptions were employed: 
# In the equatorial plane, displacements in the axial direction 
are zero. 
# Displacements of the tyre surface in the region of the rim 
are zero in all directions. 
# For the static analysis, it was assumed that the external 
load was uniformly distributed in the region of the area of 
contact and the Fourier series expansion was used. 
# The external load was transformed into a uniform pressure 
distribution (P), using the following equation: 
P=F/A 
where; 
F is the external radial load. 
A is the area of contact shown in Figure ( 8.10 ). 
Me axisymmetric-solid-of-revolution element derived in Chapters 
(3,4), for the static analysis, and in Chapter 6, for the dynamic 
analysis, was employed. 
The structure of the tyre was discretised into 75 blocks as 
shown in Figures 8.11(a, b) , and using the package automatic mesh 
generator these blocks were discretised into 648 four-noded elements 
connected by 738 nodes as shown in Figure ( 8.12 ). 
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8.3 STATIC ANALYSIS OF THE TYRE: 
8.3.1 Tyre Deformed Shape : 
The deformed shape was calculated and 
tyre with inflation pressure = 2.0 bar, as 
while a comparison with the shape obtained 
is shown in Figure ( 8.14 ). From this f: 
the calculated deflected shape is quite 
experimentally. 
plotted for the inflated 
shown in Figure ( 8.13 ), 
from the test rig results 
Cgure, it can be seen that 
close to that obtained 
The deformed shape for an externally loaded tyre with radial 
load of 500 Kgf as well as an inflation pressure of 2.0 bar is shown 
in Figure 8.15 (a), and the displacement along the circumferential 
direction is given in Figure 8.15(b). 
The finite element model of the tyre was subjected to a total of 
30 different loading conditions. The external load was chosen to be 
100,200,300,400 and 500 Kgf, each with a range of inflation 
pressures of 1.2,1.4,1.6,1.8,2.0 and 2.2 bar. 
A comparison between the deformed shape calculated with the aid 
of the present package and the measured load-deflection curves given 
by DUNLOP, is shown in Figure ( 8.16 ). It is clear from the curves 
illustrated in Figure ( 8.16) for the previous 30 cases, that a good 
agreement between the calculated and measured results has been 
achieved. 
8.3.2 Stresses and Strains: 
Having obtained the six components of stress and strain at each 
quadrature point, using the equations given in Chapter 3, the 
following results were found: 
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a) Principal Stresses: 
The principal stresses and their direction cosines, were 
calculated following the analysis given in Section ( 7.4.3 and 
plotted in the vector form shown in Figures ( 8.17 - 8.20 ) for 
inflated tyre and and Figures ( 8.21 - 8.24) for externally loaded 
tyres. From these figures, it can be seen that there are two 
positions of stress concentration; one of them is in the belt edge 
area, which is the least durable portion, because of fatigue loading, 
and it must be carefully considered by the designers. The other 
stress concentration is in a position near to the bead, which may be 
due to the bending around the rim or possibly due to a numerical 
instability resulting from the big difference in material properties 
of the bead and the adjacent layers. 
The principal stresses were also plotted for the casing ply, 
breakers 1,2 and 3 as shown in Figures 8.25(a, b) - 8.28(a, b), in 
which Figures (a) are assigned to the inflated tyre results, while 
Figures (b) are for externally loaded tyre results. These figures 
show that the maximum principal stresses are near the belt edge for 
the breakers and that there are two peaks of stress concentration 
near to the belt edge and the side wall for the casing ply. 
b) Principal Strains: 
The principal strains and the maximum shear strain were also 
calculated following the same procedure explained in Section( 7.4.3 ) 
These strains were plotted for the breakers and the casing ply 
as shown in Figures 8.29(a, b) - 8.32(a, b) for the casing ply and 
breakers 1,2,3 respectively. 
It can be seen from these figures that the maximum strains occur 
at the belt edge for the breakers. This strain concentration at the 
belt edge might cause separation of the cord-rubber interface. 
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For the casing ply, the maximum strain occurs at the side wall. 
This strain is responsible for approximatly 60 - 70 7 of the heat 
generation in the radial tyre, as explained by Reference [ 41 j, and 
govern the number of cycles required to produce fatigue failure of 
rubber. 
8.3.3 Cord Load: 
The six stress components of each layer were computed relative 
to the principal axes of geometry of the tyre. These stresses were 
rotated using the equation: 
Q=RQ 
to obtain the stress components (e) with respect to the axes of the 
laminate. The rotated stress components are shown in Figures 
" 
8.33(a, b) - 8.36(a, b), where uz represents the stress component in 
the cord direction. Figures (a, b) represent the stress components 
for the inflated and externally loaded tyres respectively. 
The average stress of the cord can be calculated from 
Equation[20]: 
cc az VC 
where, c is the volume fraction of the cord. 
Since the value of cz can be obtained from the above figures, 
the average stress in the cord can be estimated. 
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8.4 VISCOELASTIC ANALYSIS OF THE TYRE: 
The viscoelastic effect, based on the relaxation approach 
explained in chapter 5, has been determined. The static analysis 
with viscoelastic effect has been carried out using a damping 
coofficient = 0.2, and inflation pressure of 2.0 bar. 
8.4.1 Tyre Deformed Shape: 
The deformed shape for the inflated tyre is shown in Figure 
( 8.37 ). The given deformation is higher by about 69% in some areas 
than that illustrated in Figure (8.13). This increase in the 
deformation is due to the viscoelastic effect of the rubber. The 
rubber will relax in time if the pressure is kept constant, as 
explained in Chapter 5. 
8.4.2 Principal Stresses: 
Following the same procedure given in Section ( 8.3.2 ), the 
principal stresses are calculated and plotted. Some samples of these 
results are illustrated in Figures 8.38 , 8.39 , in which the 
principal stress distribution for casing ply and breaker 1 are 
demonstrated. 
From these figures, it can be deduced that these principal 
stresses are lower than those obtained for the elastic material 
although they have a more or less similar general distribution. The 
decrease of viscoelastic stresses is , of course, due to the 
relaxation of the rubber. 
8.4.2 Principal Strains: 
The principal strains were calculatd and some samples of the 
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results for the casing ply and breaker 1 are shown in Figures 8.40 , 
8.41 respectively. 
It can also be seen that the maximum strains are at the belt 
edge for breaker 1 and at the side wall for the casing ply. This 
result is similar to that observed for the elastic analysis. 
However, due to the relaxation of the rubber, the resulting 
strains were higher than those evaluated for an elastic material, as 
mentioned before. 
This increase in the strain will cause an increase in the 
generated heat, an increase in the hysteresis losses and a decrease 
in the transmitted power. 
8.5 DYNAMIC ANALYSIS OF 'THE 'TYRE; 
The modes of vibration for the tyre 175 HR 14 were obtained 
using the analysis given in Chapter 6. The finite element model was 
the same as that used for the static analysis. 
The first twenty natural frequencies of the tyre are listed in 
ascending order in Table ( 8.5 ). The vibration mode shapes for the 
first five natural frequencies are represented graphically in Figures 
8.42 - 8.46 . 
Since the natural frequencies and mode shapes are defined, the 
tyre response to an arbitrary road vibration or to an arbitrary road 
profile, can be obtained as explained in Reference [331. Having this 
information the tyre manufacturer can take steps to modify this 
response in order to improve vehicle ride and handling 
characteristics. 
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8.6 GENERAL DISCUSSION: 
The accuracy of a finite element solution is a function of many 
parameters, for example: 
# Grid size or niiber of elements in the mesh. 
# Element type: triangular or quadrilateral. 
# Element order or number of element nodes. 
# Quadrature order or number of quadrature points. 
# Measured or known properties of the material; such as Young's 
modulus, shear codulus, Poisson's ratio, mass density and 
damping coefficient. 
# Effective non-linear modelling or iterative schemes, etc. 
Analysis of a complex structure, such as a radial tyre, using 
one fixed set of parameters is not recommended. The investigator 
should test a reasonable number of sets of parameters until 
convergence of the results has been achieved. 
The present package contains its own mesh generator which has 
proved to be a useful tool for modifying the generated mesh and one 
which allows the user to employ different meshes with a minimum 
amount of data and effort. The package mesh plotter can provide a 
facility for an immediate check of the generated mesh which minimises 
the human effort and errors. 
Although the optimum number of Gauss quadrature points for each 
type of element has been published [58], and used successfully in 
linear analysis, it has been proved, during the course of this work, 
that nonlinear analysis does not usually obey such rules. When using 
4-noded quadrilateral elements with 3 quadrature points for nonlinear 
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analysis of radial tyres, the results were worse than those obtained 
with 2 quadrature points !. The optimum number of quadrature points 
for such a case has been proved in this work to be 4. 
Package economisers have been tried and shown to be 
indispensable. When attempting to carry out the dynamic analysis for 
a complete radial tyre, using the accurate finite element mesh, it 
was brought to our attention by the C. I. T. Computer-Centre Staff, 
that there was no computer available in the U. K. which could accept 
such large matrices and run the ordinary eigenvalue solver. Without 
the frontal solver developed specifically for this type of structure 
( with asymmetric matrices ), the problem could not have been solved 
at the present time. The surprising fact is that not only does the 
frontal solver reduce the direct access memory drastically, but it 
also reduces the CPU time by an enormous amount particularly for 
computers such as the VAX, which have virtual memory and a pagination 
system, as the one used for this analysis. 
For the case of an externally loaded tyre, it was observed that 
when the inflation pressure was 1.2 bar, the finite element analysis 
required 6 harmonics, in order to yield results close to those 
obtained experimentally. However, when the inflation pressure was 
increasd to 2.2 bars, the number of harmonics required for an 
accurate finite element solution reduced to 4, i. e. a lower number of 
harmonics is required for a higher loading. In general, the previous 
order of harmonics matches those ( from 3 to 6) recommended in the 
literature for an economical Fourier series analysis as compared with 
a fully 3-dimensional analysis. 
It should perhaps be pointed out at this stage, that the results 
obtained with the aid of the present package for the 175 HR 14 radial 
tyre were based upon some simplifications and assumptions, which can 
be summarised as follows: 
The moulding stress has been neglected. 
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# Some of the material properties were unavailable and their 
values have been taken from previous literature. 
It was assured that, there is no viscous effect on Poisson's 
ratio. 
# The thermo-viscoelastic effect on the static and dynamic 
analysis has been neglected. 
# Centrifugal stiffening was not considered. 
The lack of material properties appears to be general in the 
field of pneumatic tyres. This package would certainly be capable of 
accepting more realistic values if, and when, they are available. 
CHAPTER 9 
ONCU IONS 
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CHAPTER 9 
CONCUJSIONS 
The major objective of designing a versatile finite element 
package, which is tailored for the static and dynamic analysis of 
radial tyres, and with facilities not available in most commercial 
packages, has been achieved. 
A generalised axisymmetric-solid-of-revolution element has been 
developed and used in the present static and dynamic analysis of 
radial tyres. With the aid of this new element it is possible to 
consider the effects of large deformation, the influence of composite 
orthotropic materials, and the viscoelasticity and the nonlinearity 
of the material properties. The present finite element package has 
proved to be capable of evaluating the deformation, stresses, 
strains, cord loads and natural frequencies of radial tyres using 
such a sophisticated element. 
The orthotropic material properties have been derived, for 
composite laminate structures, in three-dimensional space so as to be 
applicable for a generalised axisymmetric-solid-of-revolution 
element. Using such an element, it also becomes possible to include 
the transverse shear due to the inclination of the reinforced layers. 
A feasible method for carrying out time-dependent analysis, 
where the viscoelastc effect is expressed in the hereditary integral 
form, has been successfully attempted. This analysis is based upon 
the relaxation phenomenon using an interpolative scheme. 
It has been proved that the semi-analytical, finite element non- 
linear algorithms ( using a Fourier expansion ) developed in this 
work, can produce accurate answers with a reasonable number of 
harmonics resulting in a considerable computer economy when compared 
with the fully three-dimensional analysis. 
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The developed Newton-Raphson scheme derived in this work, has 
proved to be more stable than the standard Newton-Raphson iteration 
scheme, and to produce more rapid convergence than the modified 
Newton-Raphson scheme. 
Other conclusions related to the characteristics and merits of 
the package can be summarised as follows: 
# Reliability and accuracy of the package have been confirmed 
through the painstaking comparison of results obtained with its aid 
with available analytical and/or experimental results. 
# Package economisers have proved to be indispensable for the 
static and dynamic analysis of radial tyres using an accurate mesh 
and with the generalised, axisyminetric-solid-of-revolution element 
produced in this study. 
# Different solvers and interpolative, iterative, and increment 
schemes included in the package should help the user to overcome 
numerical instability problems encountered with a sspecific algorithm, 
and make the package very flexible. 
# Since different finite element meshes should be employed in 
order to confirm the convergence of results, the package's own mesh 
generator will provide the user with an efficient facility for so 
doing, with the generation of less data and with minimum effort. 
# The extensive error diagnostic facility of the package has 
proved to be helpful when modelling a cocplex structure. 
# Control parameters in the data modules proved to be an 
efficient facility for the selection of the relevant type of solver, 
nonlinear scheme, type of analysis, type of results, etc. and 
economises the computer resources. 
# The package post-processor, while being relatively simple, can 
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provide the designer with many useful plots by which he or she could, 
for example, immediately find the stess-strain concentration zones 
within the tyre and consequently allow him to improve the design of 
the tyre by suitable modification. 
REccHIENDATIONS FOR FWURE WORK: 
This work can be extended to investigate the following: 
1- Steady state and transient response under general loading 
condition [ loading - traction - braking force and road 
roughness ]. 
2- The viscoelastic effect on the natural frequency and mode 
shapes. 
3- The thermoviscoelastic effect on the static and dynamic 
analysis. 
4- The camber angle effect on the dynamic response. 
5- The effect of centrifugal stiffening. 
6- General contour plotting. 
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16,1 GAUSSIAN QUADRATURE PARAMETERS 
11 
1.0000000000000000 0.5000000000000000 
22 
0.5000000000000000 0.2113248654051870 
0.5000000000000000 0.7886751345948130 
33 
0.2777777777777780 
0.4444444444444445 
0.2777777777777780 
0.1127016653792585 
0.5000000000000000 
0.8872983346207415 
44 
0.1739274225687270 
0.3260725774312730 
0.3260725774312730 
0.1739274225687270 
55 
0.1184634425280945 
0.2393143352496830 
0.2844444444444445 
0.2393143352496830 
0.1184634425280945 
66 
8.5662246189585000E-02 
0.1803807865240695 
0.2339569672863455 
0.2339569672863455 
0.1803807865240695 
8.5662246189585000E-02 
77 
6.4742483084435001E-02 
0.1398526957446385 
0.1909150252525595 
0.2089795918367345 
0.1909150252525595 
0.1398526957446385 
6.4742483084435001E-02 
88 
5.0614268145188000E-02 
0.1111905172266870 
0.1568533229389435 
0.1813418916891810 
0.1813418916891810 
0.1568533229389435 
6.9431844202973499E-02 
0.3300094782075720 
0.6699905217924280 
0.9305681557970265 
4.6910077030667997E-02 
0.2307653449471585 
0.5000000000000000 
0.7692346550528415 
0.9530899229693320 
3.3765242898424003E-02 
0.1693953067668675 
0.3806904069584015 
0.6193095930415985 
0.8306046932331325 
0.9662347571015760 
2.5446043828620500E-02 
0.1292344072003030 
0.2970774243113015 
0.5000000000000000 
0.7029225756886985 
0.8707655927996970 
0.9745539561713795 
1.9855071751232002E-02 
0.1016667612931865 
0.2372337950418355 
0.4082826787521750 
0.5917173212478250 
0.7627662049581645 
OON'D 
131 
0.1111905172266870 0.8983332387068135 
5.0614268145188000E-02 0.9801449282487680 
99 
4.0637194180787000E-02 
9.0324080347428500E-02 
0.1303053482014675 
0.1561735385200015 
0.1651196775006300 
0.1561735385200015 
0.1303053482014675 
9.0324080347428500E-02 
4.0637194180787000E-02 
10 10 
3.3335672154344000E-02 
7.4725674575290500E-02 
0.1095431812579910 
0.1346333596549980 
0.1477621123573765 
0.1477621123573765 
0.1346333596549980 
0.1095431812579910 
7.4725674575290500E-02 
3.3335672154344000E-02 
11 11 
2.7834283558087000E-02 
6.2790184732452500E-02 
9.3145105463866999E-02 
0.1165968822959950 
0.1314022722551235 
0.1364625433889505 
0.1314022722551235 
0.1165968822959950 
9.3145105463866999E-02 
6.2790184732452500E-02 
2.7834283558087000E-02 
12 12 
2.3587668193256000E-02 
5.3469662997659000E-02 
8.0039164271673000E-02 
0.1015837133615330 
0.1167462682691775 
0.1245735229067015 
0.1245735229067015 
0.1167462682691775 
0.1015837133615330 
8.0039164271673000E-02 
OON'D 
1.5919880246186999E-02 
8.1984446336681997E-02 
0.1933142836497050 
0.3378732882980955 
0.5000000000000000 
0.6621267117019045 
0.8066857163502950 
0.9180155536633180 
0.9840801197538130 
1.3046735741414003E-02 
6.7468316655507503E-02 
0.1602952158504880 
0.2833023029353765 
0.4255628305091845 
0.5744371694908155 
0.7166976970646235 
0.8397047841495120 
0.9325316833444925 
0.9869532642585860 
1.0885670926971500E-02 
5.6468700115952501E-02 
0.1349239972129755 
0.2404519354446595 
0.3652284220238275 
0.5000000000000000 
0.6347715779761725 
0.7595480645553405 
0.8650760027870245 
0.9435312998840475 
0.9891143290730285 
9.2196828766405031E-03 
4.7941371814762497E-02 
0.1150486629028475 
0.2063410228566915 
0.3160842505409100 
0.4373332957442655 
0.5626667042557345 
0.6839157494590900 
0.7936589771433085 
0.8849513370971525 
132 
5.3469662997659000E-02 
2.3587668193256000E-02 
0.9520586281852375 
0.9907803171233595 
13 13 
2.0242002382658000E-02 
4.6060749918864000E-02 
6.9436755109893500E-02 
8.9072990380972999E-02 
0.1039080237684445 
0.1131415901314485 
0.1162757766154370 
0.1131415901314485 
0.1039080237684445' 
8.9072990380972999E-02 
6.9436755109893500E-02 
4.6060749918864000E-02 
2.0242002382658000E-02 
14 14 
1.7559730165876000E-02 
4.0079043579880000E-02 
6.0759285343951500E-02 
7.8601583579097000E-02 
9.2769198738968999E-02 
0.1025992318606480 
0.1076319267315790 
0.1076319267315790 
0.1025992318606480 
7.9084726407060019E-03 
4.1200800388510997E-02 
9.9210954633344998E-02 
0.1788253302798300 
0.2757536244817765 
0.3847708420224325 
0.5000000000000000 
0.6152291579775675 
0.7242463755182235 
0.8211746697201700 
0.9007890453666550 
0.9587991996114890 
0.9920915273592940 
. 8580956515940025E-03 
. 5782558168212998E-02 
. 6399342465117497E-02 
. 1563535475941575 
. 2423756818209230 
. 3404438155360550 
. 4459725256463280 
. 5540274743536720 
. 6595561844639450 7576243181790770 
8436464524058425 
. 9136006575348825 
. 9642174418317870 
. 9931419043484060 
0 
9.2769198738968999E-02 0. 
7.8601583579097000E-02 0. 
6.0759285343951500E-02 
4.0079043579880000E-02 
1.7559730165876000E-02 
15 15 
1.5376620998058500E-02 
3.5183023744054000E-02 
5.3579610233586000E-02 
6.9785338963077001E-02 
8.3134602908497000E-02 
9.3080500007781000E-02 
9.9215742663555500E-02 
0.1012891209627805 
9.9215742663555500E-02 
9.3080500007781000E-02 
8.3134602908497000E-02 
6.9785338963077001E-02 
5.3579610233586000E-02 
3.5183023744054000E-02 
0 
0 
0 
6.0037409897574986E-03 
3.1363303799646997E-02 
7.5896708294786501E-02 
0.1377911343199150 
0.2145139136957305 
0.3029243264612185 
0.3994029530012825 
0.5000000000000000 
0.6005970469987175 
0.6970756735387815 
0.7854860863042695 
0.8622088656800850 
0.9241032917052135 
0.9686366962003530 
OON' D 
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1.5376620998058500E-02 0.9939962590102425 
16 16 
1.3576229705877000E-02 
3.1126761969324000E-02 
4.7579255841246500E-02 
6.2314485627767000E-02 
7.4797994408288500E-02 
8.4578259697501500E-02 
9.1301707522462000E-02 
9.4725305227534499E-02 
9.4725305227534499E-02 
9.1301707522462000E-02 
8.4578259697501500E-02 
7.4797994408288500E-02 
6.2314485627767000E-02 
4.7579255841246500E-02 
3.1126761969324000E-02 
1.3576229705877000E-02 
5.2995325041750030E-03 
2.7712488463383499E-02 
6.7184398806083998E-02 
0.1222977958224985 
0.1910618777986780 
0.2709916111713865 
0.3591982246103705 
0.4524937450811815 
0.5475062549188185 
0.6408017753896295 
0.7290083888286135 
0.8089381222013220 
0.8777022041775015 
0.9328156011939160 
0.9722875115366165 
0.9947004674958250 
Table (7.1) GAUSSIAN QUADRATURE pARAMEJERS 
13'+ 
Displacement (n) Radial Strass (d'4 Tangential Stross(6, p) 
Nods 
zuab Anal. 4-Sod" 8-gods Anal. 4-Soda 8-Rod* Anal. 4-Nods 8-Nod* 
1 . 380t-2 . 372t-2 . 380t-2 0.0 -1.18 0.2514 3.8 3.341 3.915 
2 . 4471-2 . 4371-2, 
',. 4461-2: -1.91 -3.0741-1.139 5.79 S. 154 6.142 
3 . 4471-2 . 4311-2.. 4461-2: -1.98 -1.155 -1.155 5.79 5.092 6.131 
4 . 3801-2 . 3651-2,. 3801-2 0.0 -1.304 -. 22 3.8 3.195 3.895 
5 . 6721-2 . 6399-26701-2; -10 -9439 -7.421 . . 13.8 13.55 14.87 
6 . 672t-2 . 625t-2i: 6719 -2; -10 .0 -9 . 46 
1-7.503 13.8 13.30 14.81 
7 . 4471-2 . 4099-21.4451-2' -1.98 -2.853'-1.109 -5.97 4.905 6.131 
8 . 3801-2 
1 
. 3501-2 . 3801-2 0.0 -1.151 . 2368 3.8 3.075 3.897 
9 . 6721-2 . 6031-2 . 6661-2 -10. -12.33 -7.392 13.8 13.35 14.69 
In 
Table t $. 1 1 C9patison Between the Computed and Analytical 
Solution for Prassurisod Cylinder. 
Stress/Disp. MARC Prosant 
Cosponont Packago 
Moon" Classical oon" -livlin 
Oz 0.23783 0.23729 0.23792 0.23771 
Or 0.067897 0.06775 0.067942 0.067991 
O. & 0.38209 0.37324 0.38134 0.38258 
TI2 0.10925 0.10896 0.10929 0.10955 
u2 2.0 2.5967 1.8072 1.822 
1.3314 2.0624 1.2044 1.261 
Sable ( 1.2 ) Comparison of the insults Between the Package 
and the $AIC Packalt for A Composite 
Pr. ssuris. d Cylinder 
tr. q. PAYZC AIStA Tit P&ES T 
9o. PACIAGS 
1 0.7511 0.73102 0.7512 
2 1.170 0.170 0.169 
3 1.444 1.444 1.444 
4 2.663 2.662 2. «2 
S 2.96$ 2.96$ 2.968 
Tabi. (1.3) Tb. tatucal tr. Quaeci. s 
of A Cylinaar 
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Component K 
Kgf/mm2 
C10 col Cil C20 C02 
Tread 245.8 . 0533 . 00129 . 00025 -. 00248 . 00036 Side Wall 254.4 . 04252 . 00284 -. 000384 -. 002288 . 000403 Apex 315.5 . 1324 . 0155 -. 0056 -. 0315 . 0108 Clinch Strip As A. X .... .......... 
Liner 137.8 . 03726 . 01539 
......... 
-. 002656 
........... 
-. 001043 
....... 
. 000637 
Component Cord Modulus Ends/mm Bias Angle 
Casing Plies 119 1.12 88 
Chafer 51 0.75 25 
Breakers 1,2 394 0.8 +21 
Breaker 3 46 1.0 0 
The properties of the bead are defined by. the 
constants D; ) in the equation: 
R1 D12 Dia 0 
D21 D22 D23 0 
D31 D32 D30 
3 
OOO D66 
Where the axes shown in Sketch (8.1). 
The D; ) constants (in Kgf/mm2), are defined in 
the following matrix: 
168.9 84.9 84.3 0 
84.9 168.9 84.3 0 
84.3 84.3 7648 0 
000 44.8 
Table (8.4) Material Properties of 
175 HR 14 Radial Tyre 
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MODE EIGENVALUE 
(rad. /sec)**2 
NATURAL FREQUENCY 
HZ 
1 144.94 1.916 
2 262.99 2.581 
3 426.4902 3.2869 
4 572.3285 3.807 
5 894.2413 4.7594 
6 1973.962 7.061 
7 2644.431 8.18 
8 3162.938 8.95 
9 3686.060 9.66 
10 4000.344 10.060 
11 4231.578 10.35 
12 4948.721 11.196 
13 5111.634 11.379 
14 6163.882 12.459 
15 6455.897 12.802 
16 7143.532 13.45 
17 7877.157 14.1259 
18 8762.090 14.898 
19 9041.094 15.133 
20 10475.52 16.2899 
Table (8.5), The Eigenvalue and Natural Frequencies 
of The 175 HR 14 Radial Tyre 
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1 
FIG. 3.1. CORD AND RUBBER PLY LAMINATE 
t 
r:: 
Rubber 
s 
------- --- -- ý1 Ecu Er, Vr 
FIG. 3.2. ELASTIC MODULUS 
REPRESENTATION IN DIRECTION1 
wI 
word 
Ii 
Vr 
, VC 
FIG. 3.3. ELASTIC MODULUS 
REPRESENTATION IN DIRECT1ON2 
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Er, 
V' Vri 
Vrz 
Vc 
-F: 
Vri 
Er, 
Er, Vrz 
Vri 
Ec, 
Vc 
FIG. 3.4. ELASTIC MODULUS REPRESENTATION IN DIRECTION 3 
i 
Rubber 
1 
Cord 
Ar /2 
w -ý Ac- 
a) Loaded Lamena b) Deformed Lamena 
Fig. (3.5) LAMINA UNDER S; ý. rýº INC LOAD 
1= 
w 
--- -- 
L 
r Aw/s 
T TAO! 
Atl 
Fig. (3.6) W ALM LAKINA, UNDER UNIi, IREcrIONAL j 
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rT 
8 
U 
Fig. (3.7) ROTATION OF COORDINATE IN z, A PLANE 
2 
2 
Y 
X X, U 
FIG. 3.8. USE OF ONE -D ELEMENT FOR EQUIVALENT NODAL FORCE 
OF A UNIFORMLY - DISTRIBUTED PRESSURE 
P/2 0 
FOR 
FIG. 3.9. REPRESENTATION OF PRESSURE DISTRIBUTION 
. 
AN EXTERNALLY 
LOADED TYRE 
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Y 
71 
to 
a- BLOCK IN CARTESIAN 
SPACE 
Ti 
X 
71 
Ts+1 
uS 
YI T 
M 
e 
d -RETURN. TO THE CARTESIAN SPACE 
X 
FIGURE 3: 10 GENERATION OF QUADRILATERAL ELEMENTS IN 
A QUADRILATERAL BLOCK. 
(0,0) (1,0) f 
b- DIVISION INTO ELEMENTS 
N E-Ti SPACE 
c- DESCRIPTION OF ELEMENT 
N ITS LOCAL I SPACE 
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I 
H 
14 
QO 
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143 
Stress 
Creep 
Relaxation 
Recovery 
Constant 
Stress Rate 
Constant 
Strain Rate 
u 
L: L: t 
I, 
t 
t 
t 
t 
Strain 
t 
-I- 
-. t 
1 
t 
t I 
---,, P' 
,- 
Fig. (5.1) TIME DEPENDENT BEHAVIOUR OF STRESS AND STRAIN 
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o-. 
FI 
'-H;: -Co 
a- General KELVIN 
r 
d/ii_ 
b- GENERAL MAXWELL 
Fig. (5,2) SPRING-LIASHPOT MODELS 
r 
--- - 
/> 
F71 
Fig. (5.3) TYRE-TIME DEPENDENT MODEL 
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ITERATIVE 
MATERIAL ViSCOELASTICITY LARGE DEFORMATIONI 
CALCULATE THE EQUIVALENT NODAL FORCE 
IT =IT+1 
IT = 
YES 
SOLVE KT6 =R SOLVE K6= F 
6=6+66 
EWT NO YES 
RAPHSON 
YOUNG'S MODULUS = CONSTANT UPC 
CALL D- MATRIX 
CALL B- MATRIX 
AE =B Ab 
AT zDE 
E=E+AE 
c=Q. Aa- 
YOUNG'S MODULUS 1 
CALCULATE THE STRESS CORRESPONDING 
TO THE EQUIVALENT STRAIN (SO) 
CALCULATE a d, ad = SO O 
UPDATE THE STRESS a= Q- 6d 
CALCULATE THE RESIDUAL 
R= ///B Od dv 
Er. _ 
RTR 
CALCULATE THE EQUIVALENT STRESS aeq 
CALCULATE THE EQUIVALENT STRAIN Eeq 
1 
Err-40 
WRITE THE RESULTS 
FIG. 7.6. ITERATIVE PROCEDURE FOR MATERIAL NONLINEARITY 
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INCREMENT LOAD TECHNIQUE 
SYMMETRIC LOADING 
P=011 UPDATE THE COORDINATE 
P=P +A6 LOOP: I=1, No. OF HARMONICS 
EQUIVALENT NODAL FORCES EQUIVALENT NODAL FORCES 
CALCULATE THE CALCULATE THE STIFFNESS 
STIFFNESS MATRIX (K) 
III 
MATRIX OF THE HARMONIC 
SOLVE K6=FIII SOLVE K6 
6.6+A6 I1 16=6+t6 
SS =SS"ASS II ISS=S5 
ST = ST + AST ST = ST + AST 
R =R +AR 
UPDATE THE COORDINATE UPDATE THE COORDINATE 
/ WRITE THE FINAL RESUL 
OF DEFERMATION, STRESS, 
ý'P max 
I 
STRAIN AND REACTION 
YES 
6= DEFORMATION 
SS = STRESS 
ST = STRAIN 
R= REACTION 
FIG. 7 7. INCREMENT LOAD PROCEDURE AND FOURIER SERIES EXPANSION 
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ITERATIVE 
MATERIALS LARGE DEFORMATIONI IVISCOELASTICITY 
ICALCULATE THE EQUIVALENT NODAL FORCE I 
IT=O 
IT =ITf1 
T= 
SOLVE KT 6= RI ISOLVE Ki 6=F 
is =6+A61 
I00 I =1 NO OF ELEMENTSI 
CALL D/0, -MAT. I 
CALL B -MAT. 
E EE=BS 
SS =(D/D2) EE 
SN = SN + SS 
EN =EN + EE 
IR=1IIBLT 6 dv 
Err= A6tA6 66 
Err<0- 
IYES 
WRITE THE RESULTS 
b= DEFERMATION 
EE =EN = STRAIN 
SS, SN = STRESS 
R =RESIDUAL 
KT=TOTAL STIFFNESS 
MATRIX 
FOR (N-R)= 
KT=KL+XNL+KQ 
FOR (M -N- R) KT = KL 
FOR (D -N-R) 
KT=KL +KQ 
FIG. 7.8. ITERATIVE PROCEDURE FOR LARGE DEFORMATION 
ANALYSIS 
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FROM ELASTIC 
)LUTION 
FIGURE 7.9 INTERPOLATIVE PROCEDURES OF VISCOELASTIC ANALYSIS 
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LOWEST EIGEN VALUE : 
Q=OM 
ASSUME 6 
Iy=ab 
T=lyTylltYTQY1I 
1yI FYTM-y I 
if I new ; old/>a 
OBTAIN EIGEN VALUE 
b -SWEEPING FOR N 
WE HAVE: a, s, = Ib 
WILL CONVERGE TO N, 
FROM THE ORTHOGONALITY OF EIGEN VECTORS : 
aj, 6=1 T Ib 
-a 6 
TM 
N, < N2 < ?, ý3 
FIG. t7.10). SIMPLE ITERATION TECHNIQUE. 
CONDENSER (NR. NM. KT, MT. KC. MC. IJ ) 
DO 10I =1, NR 
IJII)=I 
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1DO 20 NS = NR, NM, -1 ; 
Smax = 0.0 
--"4 00 40 RR =l, NS, -1 
R= IJ (RR) 
PI (R) - KT (R, S ) 
PJ(R)=KT(S, R) 
QI(R)=MT(R, S) 
Q1 (R) = MT(S, R)-MT(S, S)1KT(S, S) 
00 20 II -1, NS, -1 
D0 30 II =1. NS , 
I= IJ (II) 
I=IJ(II) 
IMT (I, I)I<1. OE -15)-ISS-II 
RATIO = KT (I, I) /MT H, Ill 
S max =RATIO 
S max = RATIO 
SS = II 
PLI =PIlI)/KT (SS) 
0II =OII/KT(S, S) 
DO 20 JJ =1, NS, -1 
J. IJlii) 
KT (Ii) =KT(I, J)-PIIaPJ (J) 
MT (I. J) =MT(I, J)-PII*QJ (J) 
-QIIa pj (J) 
DO 100 II =1, NM 
S= IJ (SS) 
IJ (SS) = IJ (NS) 
IJ INS) =S 
I =IJ(II) 
D0100JJ=1, NM 
J=IJUJ) 
Kc (II, JJ) KT (I , J) 
Mc UI, J1) - MT (I, J) 
FIG. 7.11. FLOW CHART OF DYNAMIC CONDENSATION 
156 
ASSUME A SET OF 
LOADING VECTOR (y, 
SOLVE: KÖr=Yr 
FORM: X=[b1 bp 
K* = Xpm Kmm Amp 
M*=XT MX 
SOLVE : K'"6' =N M'6 1 
1 61 6p) 1 
IX 
new =X old X 
x* I 
Ynew =MXI 
new - 
Ni 
old 
FIG. (712) SUBSPACE ITERATION TECHNIQUE 
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